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ABSTRACT :

In this paper an iterative scheme is used to compute the optical
flow for a seguence of images. The problem of violating the smoothness
constraint 1s discussed and minimization of its effect is done. Also a
least-squaregs algorithm 1s used to recover the motion parameters of
moving camera in a fixed environment. In the case of pure
translational motion, it is proved that the motion can he determined
fup to a constant factor) by considering the direction of the optical
flow at two points. In the same case, the relationship betwsen the
coordinates of the focus of expansion (FOE) and the motion parameters
ls also argued. A proposed norm based on that relationship is
minimized to recover the motion parameters. Real and synthetic images
are used to test the performance of the proposed technique.
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1, INTRODUCTION

The optical flow can be defined as the apparent motion of Lhe
brightness pattern in a sequence of images. It carrieg valuable
Information about the nature and the depth of surfaces, Also, the
relative motlon between cobserver and obljeckts may be detected., This
meang that, the optical flow <¢an play an {weportant role, asg an
indirect method, to determine the relatlve velocity components known
as motion parsmeterg. The analysis of dynamlc images segquence finde a
wide range of applicatlions, 1ncludirg robot navigation, target
tracking, traffic monitoring, motion of ULiological c¢ells, gloud and
waather aystems tracking, image coding, etc.

A simple lterative algor}thm for estim%t%ng the opgical flow was
developesd by lorn & Schunck . Also, Nagel™, ' Hlldreth , and others
gave relsvant toplcs. Beveral schemes for recovering the observer's
motion indirectly have been suggested, These approaches can he
¢lassified 1Into three categories: the diacrete approach,  the
differential approach, and the Jleast-squares appreach . In the
lpast-squares approach, the whole optical flow field is used. A major
ghortcoming of both the dliscrete and the differential approaches is
that neither allows for errors In the optical flow. This 1s why tha
least-squares approgch isl?hosen to be used in this paper. Many papers
tackled thisg subjeet)” ' ' "in this paper, the least-sguares algorithm
is wused extensively for the cases of pure translatioral and pure
rotational motion. In the case of pure translational motion the
definition of Focgus of ' Expansion (FOE) 18 used to develop a naw
technique to eatimata the motlon paramelers.The propoged technique is
relatively simple and gives a fast response. The complexity of
computations in compariscon with Horn method i1s dlscussed. A series of
computer experiments are wused to study the psrformance of this
technique using both real and synthetic images,.

2,5YSTEM ANALYSIS

2.1 The optical flow problem:

An lterative scheme presented in® was used to ostimate the
optical flow as follows: _ _
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Where u, end Vv are local avarages ﬂof gne x and y components

respectively of the optical flow, u:I, v, are the optical flow

componante at a point with coordinates (k, 1} after the (n+l}th
iteration, and Bx, Ey, and Ft are the three estimates of the first
partial derivativee of bright%ess with respect to x, vy, and t
respeativaly at the point {(k, 1l). There will bs discontinulties in the
optical flow on the siihousttes. This was overcome, to some extent, in
the implementatlon by making the first two lteratlons be performed
freely. Wext, for each iteration, a threshold, T1' has 1ts value as a

ratlo of the maxlimum amplltude of the optical flow vectors among the
image pelnts is obtained. This maximum amplitude i1s obtained through
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the previous iteration., If the amplitude of the gradient of_ the
optical flow at any point less than T . then the local averages, u and

v, must be evaluated separately. Namely, the flow amplitude at the
neighbors which differ greatly from that in the current point are not
included in the computation of 0 and v. The difference between the
current point flow amplitude and each neighbor point flow amplltude is
compared with another threshold Tz' The value of Tpis chosen

emplrically as a ratio of T, - If there is not at least one point has a
difference less than this threshold, we increase Tasmoothly by a
constant scale factor and attempt again for the four podints. Tlls

decreased smoothly from an iteration to the nexttby a constant scale
factor. '
2.2 The recovery of motion parameters

Through the following analysis it will be assumed that the camera
is moving with respect to a fixed environment. If there is more than
one object with independent motion, then it well be assumed that the
tmage has been gsegmented and that we can concentrate on one region
corresponding to a single object. As shown in Fig.(l), the coordinate
system 18 fixed w.r.t. the camera with the Z-axis pointing along the
optical axis. Also, perspective projection is used with the origin be
the center gf projection and Z=F be the
image plane °, where F denotes the focal
length through the paper. Hence, for any
object point, the z-coordinate will be
restricted to be positive. TIf the

.
co:responding point of the object point =
P, (X, ¥, %), on the image plane is the
point p with the cocrdinates (x, y) on
the image plane coordinate system, then;
x _ X y X
F 2 F & (1)
Let the translational component of the camera veloclty be T apd its
angular velocity be w. Where T = (U,V,W) and w = {(A,B,C) . The
oxpected optical flow at the point(x,y), dencted by (u,v), is&:
u =k and v =¥ (2}
If the velocity ©of the point P in space is Y, then;
V=-T - wxxr Where r=(X,¥,2)"
and, YV = (x,.Y,‘Z)T

With these definitions and using equations (1) and (2), we can obtailn
the translational and rotational components of the optical flow,
(ut,vt) and (ur,vr) respectively, as functions of the camera motion

parameters having the form:

- UF + xW -~ VE+ yh
u= F o+ x , v=_YE*yW (3)
7 4
2 2
b= AXY _ Bix+F) Cy AW+ F) _ BRY | oy, (4)

r

F F
2,3.1 The pure translational motion

F T

As shown by Hornﬁ, id_the case of pure translational motion, the
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motion of the camera is uniquely determined i1f it has been determined
up to a constant scaling factgr. Determining the values 2, U, V, and W
whlch minimizes the ML&G norm we can obtain:

2 2
7 = __aii_- (5)
ue + v

Where o« and B 1s defined as:
o =-UTF+ x W and B =-VF+ yW

Where % 1s the Z-coordinate of the point projected at (x,y), on the
image plane, the optical flow at which 4is (u,v). Egn 5 is used to
determine the sgstructure of the imaged object. Alsc 4t is used to
determine whether t or -t 1s the correct solution for the motion
parameters problem where 2 must be positive. Also;2 ) 5

For the motion parameters, keeping in mind that U° + ¥ + W = 1;

Let M = U/W and N = V/W we find that,

- £d — e(a-A1)
{b=A1) {a-a1) - d

N

2 and M = {~-e—(b=-A)N) /4 .
} (6}

Hence, W = cos{tan'1 (v Ma+N2)), Vv =N W, and 0 =M W.

Lat’s for the following assuming that the image plang 1is the
-rectangle x € |- L, L| and y € |-h, h|, then the variables in (6) can
be defined as:

FZ L = 2 b 12 Iz‘ i 2
a =7r ve o, =T : u”
y:—z x=ZL y==h x=-1
R L h L
c = z z (x v — ¥y u)z, d = -f? Z z u v o,
y=~h x=-L ¥y=-h x=-L
h L h L
e =F Z. z u (x v — y u) , f = -F z Z v o(x v -y u).
y=~h x=-L y==h x=-L

Where A1 is the smallest root of the equatlion;

A*-{a+b+c) A%+ (ab+botca-d®-e®~£%) A+ (ae +bf +cd’~abc-2def) = 0.

Note that, this equation has three real positive roots (for more, see
Horn') . :
In the pure translational! motionm the "“Focus of Expansion”
(FOE) 18 defined as the point 5 .,
of intersection of all the =%
image points flow vectors. As !
shown in Flg.(2), 1if the two R)
points Pl(xl,yi} and P?{xa,yal o

Fatug, yed w2

on the i1image plane have th e
optical flow vectors {u1'“1, IR

and [ua,vzlT respectively,

then from Egns 3 and 4 we vy
have; Figurs (2)
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- U F+ xlw -V F+ yiw
u = . Vo= ;
1 zl 1 z;
(7)
-~ UF+ xXW -V F+ yW
2 2

u2= ~ and v_= —
pA Z
2 2

The slopes of the straight 1lines PP and PP, are s and s,
regpectively, where P0 (xo,yo) is the FOE point. These slopes can be
determined as follows:

Y~ Y Yoo X
g=_l__—0 and S:-___z—_..?ﬁ (8)
i X = X 2 XK_— X
i o] 2 o]
Using Eqn (7), it ls also possibln Lo determine these slopes as
-V F + ylw -V F + yzw
§= v /u= :U-?—;‘aqw— and 5= v,/u,= :U_F_¢_§;ﬁ_ (9)

equating the values of siand szfrom egns. (8) and (9) and solving for
xoand Yor then wes have after few mathematical manipulations:
x,= U F/ W and Y=V F/ W {10)

It 15 evident tHat the coordinates of FOE point are functions of the
motion parameters. The cocordinates of the FOE can alsc be obtained Dby
selving the two eguations(8), this gives the solution:

o

X = (x252~ x151+ ¥~ yz}/(sz— si) and } (1)

Yom (¥,8,7 ¥, 8,% X - %)/ (s~ s,)

Replacing B, and s_ by vl/ul and v2/ u, respectively, then;

2
Xo= (X u vo— xpu vk wu y -y )/ (u v, - u,vy) } (12)

Yo© {YZuEVi-. Ylul\'F

0 vy, xm x ) I (e e v

2

The use of the flow information at only two points to determine
the motion parameters U,V and W is inaccurate process. This 1s due to
the arror asscoclated with the intensity image values used to determine
optical flow at sach polnt. Another souré¢e of error is the use of the
iterative schens described previously. In order to make use of the
optical flow information avallable at each point in the image, the
following error criterien 1is introduced to estimate the motion

paraméters, N L

(x,= U B/m® 4 (y - v rm’
y=0 x=~1 ¢

Differentiating the integral with respect to U and Vv, and equating the
results to zero:
u/w

v (13)

K if

a/(2 L h Fy,
b/(2 L h Fy.

Where;
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Taking palrs of the image points on opposlite sides of an image
dlagonal, i.e.:

X=X, X, = "%, Y, =Y . Y,= ~Y. (14)
In fact, this method cannot detect whether t or -t is the correct
velooity of the camera. So, we can use equatlon (5) as explained
previously to detect 1it. Estimation accuracy can be increased by
Increasing the used peint-pairs. This occurs by using ancther rule for
agsoclating this pair differs from the method used in _sqgn{id4). Thils
method of the motion recovery ls robust in the case of more accurate
flow directiong against noise and small perturbations.
COMPUTATION COMPLEXITY

The modiflied Horn algorithm 1is tested against the proposed
algorlithm. Under similar conditlions and adjusting the No. of
point-pairs to give similar accuracy, the computation time of the
proposed algorithm was three~eighth of the modified Horn algorithm.
Taking in account that, any repeated multiplication ls done once,
2,3.2 The pure rotational case

The angular velocity components in X,Y, and % directlions denoted
by A,B, and C raspactigely are obtalned as follows.
A = {k{bc-e”/F) - l{cd-ef/F) + m{ed-bf))/M ,
B = [-k{cd-ef/F} + l{ac-f"/P)} - m(a%;fd)]/M .
C = {[k{ed-bf)/F - l{ae-fd)/F + m{ab-d") /M.

After reformulating_ the egns in 6taking the focal length into account
and issuing an implemen%ableLform we find that:

1
a = ) ) (XY i P,
y=-h W=l
1 : 3 2 2.2 2.2
b=— ) ) (x P xR,
-k

¥ = ®x ==L

h L h 1
e=y ) txPy')y, d=- = ) ) Gyxryte 2%y
y==-h x=-L y=-h ¥ ==L
5 h L. 2h i
e = - F Y , f=-P x ,
¥ =Zh XZ-L y=zh x=-L
h L 2 2 h L 2 2
ko= ) ) fuxy + v(y*+ Fy), 1= -) ) (u(x’+ F¥) + vxy),
¥y=-h w=a-L y=-h x=-L
h L
m=)  Yluy - ex), M = a(bc - elF) - d(cd-ef/F) + f(ed-bf}/F

ya-h x=-1L

3.EXPERIMENTAL WORK

Figure 3 shows three synthetic images of a sphere. In this
figure, the images (a) and (b) represant case number 1 which is two
successlve lmages of a sphere during the motion of the camera slightly
along the z-axis in the negative direction, Alsc, the image (a) and
{c) represent case number 2 which is two successive images of a sphere
during the rotation of the camera slightly around the z-axis with
rotating veloclty 0.01 rad/s. For the used system, we took the values,
dx=imm, dy=lmm, and 6t=1ls. The ilmage (d) is the needle diagram which
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represents the optical flow of case 1 with A=10. and the number of
iterations is 8. Similarly, the image (e) represents the optical flow
of case 2 with the same A and number of 1ilterations as case 1. The
needle diagram 18 some vectors their amplitudes are indication to the
amplitudes of the optical flow at the corresponding image points and
thelrs directions represents the directions of the optical fliow at the
corresponding image points. For real Ilmages we see that, image (f) and
(9) represent case number 3 which is two successive images of a curved
wall coversed with varying brightness pattern during the transglational
motlon of the camera. The needle diagram of case 3 ls shown in image
{hy, For the image (h) the parameters taken as: A=3 and the number of
iterations is also 8.

The following table displays some results of the motion recovery
process with different parameters. For the casesiwhich include pure
translational moticon, the results are the wvalues of the motion
parameters, U, V, and W. But in the case of pure rotational motion,
the results are the angular veloclity components, A, B, and C. For the
tranglational meotion the asterisk to the left of the case number tells

brightnegs

componanty U,V,
angle ig changed due to
the translational case.

and the X-¥Y plans.
recovered motion parameters.
the number of iterationsg.

censtancy

and W,

direction of the brightness gradient.
consktraint,
direction of motion and the X-Y plane can be estimated easily from the
From the table 1t can be Ilmplled that this
the errer in the value of the focal length in
Experimentally it was found that the higher
the focal length the greater the angle between the recovered direction
The change in A preoduces a slight change in the
because of the limitation
Experimentally it was found also that the
recovered motlon parameters has less sensitivity for the change of X
in the case of pure rotational motion

This is

The

angle

that, the wused algorlthm i1s the ©proposed one. Also, the FGCE
coordinates 1s valid feor the translational case.
case u v W
No. ja F X Y
mm A B C ° °
1 [10]160|-.0504357|-.0135763(~.998635 |8.08074 2.17517
*1 |10(1e60|-.0401729|-.2876312(-.995343 |-6.4576 14.08659
2 110(160|6.777%e~5|.00051745]-.0096063 — e
3 31160].0698959 |.0191948 |.99737 11.2128 3.07927
*3 31i60(-.02173 -.0684174].99742 -3,48579 |-10,%751
3 (10160 .0781309 |[.0152258 |(.9%68B27 12,5407 2.44389
*3 |10(160Q|-.0884374)-.130361 |.987514 -14.3289 (~21.1214
J 115(160].0796699 |.0155798 |.9967 12.7894 2.50102
*3 |15]|160].144253 -,279073 |.949373 24,3113 -47.0327
3 3]130).0891608 [.0240085 |.995728 11.6406 3.1345
*3 3)1301-.0267092|-.D840946).9961 -3.48579 |-10.8751
3 J| 9G|.14535% .036476 .988707 13.2314 3.32034
*3 3] 90|-.03B4178|-.120959 |.,991918 -3.48579 |-10.9751
3 31110).110003 .0289088 |.993511 12,1793 3.20074
*3 3|1110|-.0315168|-.0992314|.994565 -3.48579 |-10.9751
From the experiments of each stage, 1t was found that mainly, the
errorgd are due to the computation of the optical flow, Alsc, it was
found that the direction of the flow vectors always tends to the

Thlis 1s due to the restricted
between

the =

ecoveresed

in

|
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4. CONCLUSION

In this paper an iterative scheme was used to compute the optical
flow using a sequence of images. It was found that, in splte of the
violation of the optical flow constraint equation, the results is
conslderably accurate because of the developed treatment. In the case
of pure translational motion, it was proved that the motion can be
determined (up to a constant facter) by considering the direction of
the optical flow at &two pelnts, In the same case, the relationship
betwaesn the coordinates of the focus of expansion (FOE) and the motien
paramsetsrs 15 also argued. The propesed algorithm for the recovery of
motion parameters showed more simplicity +than the modified Horn
algorithm.
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