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NUMERICAL STUDY OF MATURAL CONVECTION IN A RECTANGULAR
POROUS MEDIUM WITH YERTICAL TEMPERATURE GRADIENT
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ABSTRACT

Tvo dipensional steady natural convectlon in a rectanqular
cavlity £illed wvith a saturated porcus wedlum has been studied
numerlcally. The fluld flow Is anaslyzed by solving numerically
the maes, momentum and energy balance equatlone, uslng Darcy's lavw
and the Boussinesq spproximstion. The model I8 ured for the case
wvhen the vertical walls of the cavity are adlabatic and the
horizontal walls are Isothermal vith vertlcal temperature
gredient, The bottom horlrontal wall Is heated and the top Is
cold, The effect of Darcy-Rayleigh number as en external parameter
on the, heat tranefer and fluid motion le etudled. A comparlsen of
soms resulta ls done wlith an experimental work of Cloee et al
ehoved good agreement and validity of the model. The rssults are
presented In terma of the atreamlines end lsotherms, the maxlmus
temperature In the cavity, and the 1local and overall Nueselt
nuabers For Raylelgh-Darcy number Ffrom 1 to 1000. The motlon of
the fluld Inside the porous material Isz wmomt vigorous for
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Darcy-Raylelgh number and three maln convectlve modes are found:
conductlon, slngle and multfple cell convection and thelr featuraa
descrlibed 1n detall.

1. INTRODUCTION

Natural convection 1n saturated porouas nmedia has recently
conslderable attention and is known to be Important 1In a wlds
varlety of englneerling applications auch as geothermal
reservolra, thermal insulatlon by fibrous materlala, packed-bed
catalytic reactoxrs, underground apreading of chemlcal wvaates and
other pollutants, and the cooling of rotating superconductlng
machinary [1])-14), '

To deacrlbe heat tranafer 1ln porous medla, one ueed an
equjvalence betwveen the heterogenecus poroua medium, made up of a
solid matrix and a saturating fluld, and a flctitloua continuum
for vhich an energy equatlon is deflned that ls simitlar to that
used ln homogenecuas fluid, This is the most common practice and
the one belng used here.

A large cross mectlon of the fundamental research contributed
to thls problem has been revliewed. Most of these studlea have,
been theoretical, 1including natural convectlon In conflned
enclosures drlven by herizontal temperature gradlante (5]1-113) and
natural convectlon boundary leyer ([(14). A thsoretlcal wvork on
natural from the sidea vas ploneered by Weber {(10]. He daveloped
an Oseen llnesrlzed aclution of the boundary layer rsglme In a
very tall'layer. The Weber molutlon vas modlfled later by Bejan
111) to account for the net heat tranefer vhich takes placs
vertically through the core reglon of moderatsly tall layers. An
integral-type analysis of the same boundary layer regime wan
reported by Slapkina and Blythe  [12]) and for
temperature-dependent viecoslty, by Blythe and Slmpklne {131},
Walker and Homey (15! developed an asymptotlc aclutlon for the
flow flelds lnslde a shallov leyer using the ampect ratlo as the
emall parameter. They shoved that unlike ln tall laysre ths core
reglon plays an actlve role in the heat transfer process. An
approxlmate lntegral type esolution for the esme geometry was
proposed by Bejan and Tlen (16). Measurementa of Husaelt numbera
ln ahallow, alr £fllled porous beds bounded by horlzontal
isothermal aurfaces sre reported by Close st al ({171 . Tha
Darcy-Raylelgh numbera covered vaa from 5 to 150.

The natural convectlon ln & rectanqular cavlty fllled with a
saturated porous medium with vertlcal tespsrature gredlents and
vlde range of Darcy-Rayleigh number l& not covered, S0, the
purpose of the present wvork 1ls to cover thia problem. Ths vertical
valls are lnesulated and the horlzontal valls are lsothermal. The
bottom horlzontal wall 1la heated wlth a temperature Tw and the top
horlzontal wall 1a coolad with temperature Tao. The problsa has
been analysed numerlcally for tvo dlmenslonsl, steady atate flov
and vide ranges of Dmrcy-Raylesligh number., The effect of bouancy
la taken lnto conslderation and the effect of both the drag and
lnaxrtla ars neglected.
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2. FORMULATION AND NUMERICAL METHOD

Consider a rectangular cavity of helght H and wldth ¥ (Fig.1l)
filled with an lsotropic homogeneous fluid saturated porous medium
vhich obeys Darcy's lawv. The fluid and the porous medlum are
treated as a system vlth an equivalent heat conductivity snd the
fluld 1= assused to be a normal Bousaminesq fluld, All walls. of
the cavlty (enclosure) are asaumed to be impermeabla. Here TH and
Tc rspresent the temperature of the hot and cold walls
respectively, vhile Gthe other tvo valls are adlabatle.
Characteristic temperature difference are, thusm, AT= Tw - Ta.

The fluld ls considered to be Incompressible, with density
changes occurlng only as a result of changes in ths temperature
according to

p = pc{]_-ﬂ (T - Te)) (1}

vhere p i3 the density, T Is the temperature, /3 is the coefflclent
of thermal expansion, and the mubscrlipts refer to Lthe reference
conditions, The viscous drag (Brinkman model) and lnertia terms In
the equatlions of motlon are neglected, vhich are valld assumptions
for lov Darcy and particle Reynolds numbers, and for high Prandtl
number, respectively. Oving to the laet sasumptlon, velocity =lip
at the bounding surface {8 necessary. ¥With these assumptions, tha
conservation equations for mase, momentum, and energy for steady,

tvo dlmensional flov in an lmotreplc, homogeneous porous medlium
are

Contlinulty
u/dx + N/Oy 2 0 (2)

Momentum (Darcy’'s lav)

/¢ + (W/K) u= 0 {3)
/ey + (uw/K) v 29 {T-Te} {4)

Energy equatlon ]
N AT/OX + v 8T/8y = a (&T/8x'+ a'1/0vY) (5)

vhere u, v, K, ¢, o, F and g are respectlvely the veloclity
cowponents in the x and y directions, Permlablillty, dynamlc
viscoslty, effectlve Gthernmal diffuslvity, Pressure and
accaleration due Lto gravity

The pressure i{s ellmlnated by the croms dlfferentiatlon of
tha components of equatioms (3),{4) after s=mubatltuting for thae
denslty from equatlen (1) thls glves

(/XY ({d/By-dv/Ax)a-pg T/ In (6)

The contlnulty relation glven by equation (2) ls 1ldantically
satisfled through the introductlon of =n approprlatsly d=fined
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atream functlon .
u = /Ay v » -8p/&x {7
A non-dimenslonal form of the governing equatlons can be

achleved by scaling all the variables by appropriate
characteristic valuea of thoae varlables, These ara defined by:

X = x/¥% ’ Y = y/H
vw=9p HaR ’ = (T-Tal/{Tr-Tc) {8)
U= ay /oY and V = - 8y /oY

With the ahove assunptlons; the qgovernlng equations (%5)~-(7)
transform into atream function and temperature non-dimenslonal
equatlons as:

*

®vsax® + A o"yw/oY? = Ra s9/8X (9).

U serax + v #8/8Y = (1/A%)8%8/8x"+ 075/ 01" {10)
The governing parameters are the aspect ratio
A= W/H
and the Darcy-Raylelgh number Ra
Ra = KgA[Tn-Tc)He /on (11}

The Darcy-Raylelgh numbsr includes the parameters vhilch
express both the porous medls and the fluid. 1t axpresses ths
porous media through the permeablllity K, the conductlivlty a and
the helght H. It expressas the fluld through the fluld denslty p
and viscoslty u. Darcy-Raylelgh number includea alao thes oparating
driving conditions such as the tamperature dlfference {(Tw-To}), the
coefflcient of expanslon /# and the gravity g. 80, It  comes out
naturally as the coaffliclent of the bouyancy drlving force along
the flovw.

The non dlmenslonal hydrodynamlec and thermal boundary
condltiona are

y = 0 on all the boundarles
[ B | for Y=0 and 0=x=1 [12)
& =D for Y=1 and 0<Xx<1

M/ = Q for X=0,1. and D<CY<¢1

The non-dimenslonsl local heat tranafer coefflclant 1s
characterized by the Wusaelt number deflned as:
Hu' = - JdB/aY {13}

The rasult for the total heat transfer rvate vlll be presanted 1n
tarms of the Nusselt number deflned as

Nu = - o:‘ {69/8Y) dAX {14)
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Finite difference equatlions are derived from eguatlona [9;
and {10} by lntegratlon over flnlte area elementa, following ™=
procedure developed by (181-[19]. The auccesaive aubstltuti--
formuiae, derived in this vay by eaplioying the upvind differances
120)] for the convectlve termm Lln the energy equatlion, satisfy the
convergence criterion and are quite atable for many clrcumstances
[20]. The temperaturms fleld wams flrat found by =olving equation
{i0) and usling translent expliicit method. Once the teaperature
had been determined, equatlon (9) was solived using a polnt
iterative method which makes use of the nev values mss scoh aa they
are svallable {20). The y valuesms so cbtained wvere used In equatlion
(10) together vith the recently calculated temperature €£leld to
obtaln the nev valuem For the tamperature, FfFor the present wvork
uniform alish sizes have been used for both X and ¥ dlrections. A
non-uniform grld fleld could not be i(dentifled for this problea
because the nature of the veloclty and teasperature flelds change
subatantially with Ra, Based on several trlal cases, a sultable
grid fleld was aelected for ;}e present calculatlons. A
caonvergence criterion of o < 5xl10 in both v and T at the grid
polnts In the domaln wvas used to teat the convergence of the
lterative scheme vhere

n

o = (" - 97" )/0
vhere n Is the {teratlon number and ¢ stands Eor both v and T.

3. RESULTS AND DISCUSSION

The primary objectlve of this study 1ls to galn 1lnalght Iinto
the phyaigal nature of the flov of the natural convectlon 1n the
fluid saturated porous medlum under vertlcal temperature gradlent.
Therefore,the effects of the Darcy-Raylelgh number on the Eree
convection of two dlmensional rectangular cavlty Ellled wlth
saturated porous media has been studled numerlcally. The vertlcal
valls of the cevity are adlabatlc and the bottom horizontal wall
Is heated and the upper one ls cold lsothermally, and vertlcal
temaperature gradlent exists. A wide range of Darcy-Rayleigh
number have been considerad. The temperature and flov flelds are
cepresented. Experimental data for global hest tranafer ln a box

with an aspect ratios from 1.82 to 4 and Darcy-Rayleigh number up
"to 150 vere represented by Cloae et al [17]1. Thelr experlimental
equipment umed have been a packed bed of spheres =maturated vlth
gas contalned betveen horlizontal jsothermal plates, vlth the
assumptlon that the so0lid and adjacent £fluld temperatures are
equal. Although these resulta are for lov range of Darcy-Raylelgh
number, It ls compared vith the correspondlng values cbtalned hare
by the numerical model. The experimental results for {17] are
shovn in Fig. 2 as a continuous line.. It ls clearly smen that
the results sre In good agreement,

?qo varlables are uvaed to characterlze the Elov. The Elrst
of them 1l ymax vhlch 1= deflned by

ywan 2 t max | wix,y)]|
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vhare the positive and negatlve signm are taken For counter
clockvise and clockvlase clrculation respectively. The seconpd
non-disenmslonal variable la expressed by o functlon of the average
fluld mspaed over the area A of the rectangular porocus materlal
deflned as:

Um » L f (w* + v5) aa

and wlll be named Iln the followlng ams the average fluld speed.

The mEfect of Ra ls shown by numerlcal expariment for aspect
ratlos of 1 and ) and Ra varled from 1 to 1000. Table 1 ahovs
the values of ymax and Um as a functlon of Ra for aspect ratlos 1
and 3. The atream lines and the lsotherms ate shown 1ln Flguree 3-6
respactively. Fligures ] - 6, ae vell as tahle 1 shov that there
are three maln typea of flow:

A - The heat is malnly transferred by conductlon. By Ra under
A0 the maxlmum stream Eunctlon ymax and Um are very small aa
ahown in table 1 and can be naglacted, that gives negligables flovw
velocitlea, Alwmo the lsothermal lines are nearly parallel to the
lacthermal valls.

D - By 40 < Ra < 200 by the aspact ratlo A=3 and 40 £ Ra ¢ 150
by A=1, the lsothermal llnes ln the enclosure bsagln to deviate
from the parallel stralght 1llnea and increame near the right
vertlcal wvall and decrease near the left vertical wall as ahovn In
Elgurem 4 and 6. The stream functlon shove a slngle cell flow wlth
4 alngle extremum value as shovn ln Flgure 5 for A=l and three
cells vlth 3 extremum veslues for A=3 as shovn 1n PFlg, 3 .The
extresmum values of the stream functlon and the msan veloclty which
are 1lndlcated by wwman and Um and shown in table 1, shov by Ra > 410
relatlvely raccgnlzable Jjump. The valuss of these varlahblee
lncreass with the Increase of Ra. Thle Ilndlcates another mode of
flov. In which, natural convectlon heat tranefer exlats heslde the
conduction heat transfer and the tvo forms of the heat transfer
are coupled together, But, the natural heet tranefer exlats wvlth
relatlvely lovw velocity and » =1 vhers » |Is the ratlo of the
number of cells to the Aspect ratlo l.e. slngle call flov for A=l
and 3 cells for A=3.. The physlcal notetlon of a cell 1s
amssoclated vilth an ldesntlflble body of fluld rotatlng ln tha sams
sense, Therefore, 1t has to be bounded by a clossd atream lins
vlthin whlch the vorticity Ils of the msame =ilgn.

C - Natursl convectlon vwlth wmultiple cells clrculatlng In
alternate dlrectlons wlth » >1. By Rlurther lncreass of Ra untll Lt
excesda the value of 200 by the aspact ratlc A=) and the value 150
at A=l, the colder and denser fluld at the top tendes to "toppla
over™ maklng tvo dlmenslonal cellular patterns wlith 5 cells by A=]
and 2 cells by A=l as shown In PFlgures J) and % respectlvely.
Flgures 3 and 5 also shov multiple axtremum values of Lhe atream
functlon vhoes magnltude become larger as Ra lncreaesed Indlcatlng
more vigoroua motlon, That glvee the beglning of Ythlrd mode of
flov, vwhich can be deplcted by natural convectlon motlon wlth
multlple cells clrculating vith more viqgorous motion In alternate
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dlrectlions wlth ratlo of numbér of cells to the aspect retle r >.

As the Ra la the reeult of the temperature difference TH-Tc and
the 1local component of the gravity acceleration g, it ls
congldered the driving force for the fluld motlon and heet
transfer in the porous material. Therefore, the \increase of the
streas function sand the more vigorous motlon of the fluld wlith the
Increase of Ra vhich appears Ln Flgas. 3 and 5 can bs quelltatively
discumsed in the folloving way: choose a partlcular stream tube
(cell) close to the boundarles with counter clockvlse flovw
dlrectlion, the right hand =ide branch of whlch is hotter (and
therefore, dense) than the average, after plcking up heat at the
lover boundary. Likevise, the branch on the left-hand silde Ii=a
cooler than the average, In the twvo vertlcal branchas, the
gravlty vector 1s aligned wvith the atream tube and the denslty
difference helps the clrculatlon of the fluld Inslde the cavity.
Jo, vlth the Llncreese of Rs the tempersture dlfference betveen the
hotter and colder walls {the vertlcal temperature gradlent}
increasea, the deanslty dlfference lncreases, the reslstance to
the flov decreases and the fluld motlon becomes more vlgorlous.
Fig. 9 preaents the gtream and the laothermal 1lnes for the same
case, 1t shovs that the sacending atream ls alvays hotter than
the deacendlng one, providlng the drlvling force in the respective
dlrectlon of motlon, These phenomana rsflects ltmself alao In the
heat transfer results as will be diacussed later.

Table 1 wmax and U= as a functlon of Ra
: for A =1 and 3

A= A=
Ra Wmax Um ymax Um
10 0.00075 .000051 0.001697 | 0.0000136¢
20 0.00171 . 0000281 0.004994 | 0.0001346
30 0.0034 .000115 0.0137 0.0009072
190 0.0098 .001364] 0.0457) 0.01024
100 1.79 83.98 5.2 144.021
150 2.56 191.58 1.4 318.7
200 2.7% 456.50 9.2 520.4
250 3.34 691.01 10.676 41,6
g0 3.82 952.95 11.99 978.4
350 4.34 1249,00 13.18 1220.0
400 4.08 1549,2 14.29 1490.0
600 6.53 2811.49 18.1648 2634.0
800 7.580 2383.00 21.45 3914.75
1000 8.93 1928.38 20.6 AJ 5302.14

For the heat tranafer The reglons on tha wall that
partlelipete more effectlively in the heat trenefer process can be
ldentlfled uslng the local Numaelt nuabar Huu. Thles s shown for

the lover and the upper lsothermsl walls 1an flgures T and 8
respectively for Ra = 20, 100, 200 and 600 and unlt aapect ratlo .
1t 1s tound that for the =slngle cell mode, vwhich corresponds to
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Ra=100 curve showvn In Flgures 7 and 8, moat of ths heat 1=
transferred at the corners of the materlal, %hen multipla cell
convectlon |s present, as in Ra=200 and 600 curves ln Flg. 5 moat
of thes heat 1a transfearred at eaeveral Jlocallzed spots at the
valla. Theeae correapond to the boundarles hstween the cellz where
the Plow is dlrectly from the hot to the ¢cold wall. Flov In the
opposltes dlrectlon leads to a minlmum point Ln the Hu‘ curve at

the lowsr hotter wall and maxlmum polnt at the hlgher colder ons.

The heat tranafer procees in the porous medles can nov be
discussed by conalderlng the flow pattern as belng composed of a
number of verlable ares cloasd stream tubes aa shown ln Plg. 2}. A
dlagramatlc sketch for thls 1ls shown ILn Flg. 10, Heat ls
transferred 1ln from the hotter aside and out of theee tubes to the
coldsr alde crossing thelr lmaglnary walls by conductlon. Alao,
heat la tranaferred through the tube lteelf In tha dlrectlon of
flov (carrled by the Elov} malnly by convectlon as shown in Flg.7
due to the drlving force dlscussed bhefore. Near the hotter wall,
more heat snters the tube through the walle than leavas 1lt, 1l.s.
the heat balance 1ln the tube Js positlve. The net heat energy
gained ls tranaferred tovards the colder wvall vhere a nat amount
of hest la withdrawn from the tube through its walls, complating
In thls manner the heat tranafar process. Tharefore, The heat
tranafer through the porous materlal depends malnly on two
ettacts. The flrst of them la the heat conducted through the
lmaginary wvalls of the tubes and the second ls the convectlon of
the fluid soving wlthlno Lt, Thame tvo effects are malnly coupled
together., Fpom thla polnt of viev 1t can be sald that the
presence of multlple cella has the overall aeffect 1n 1lncreaslng
the heat transfer.

4. CONCLUSIONS

The phenomenon of natural convection 1n a two-dimenslonal
anclosures fllled wlth porous medlum saturated wlth £fluld
msubjected to vertlical tempersture gradlent vam studled by msanas of
numerical mathod. The mass, momentum and energy equatlons, uslng
Darcy's lav and the Bousslnesq approxlmatiou sre used Iln a model
molved by the flnlte dlfference tachnlque. The effect of the
Darcy-Raylaslgh number of tha fluld motlon and hest transfer Ia
dlscussed,.

A comparlson of some resulta of the numerlical model la made
vlth exparimental reasults shoved good agrssment and tha walldity
of the model, vhich can be mafely used in extanded vorka lao thle
flsld.

Tha Dercy-Raylelgh number Includes the paremetars vhlch
expresa both the porous medla end the Eluld. 80, 1t 1ls the
coefflclant of the buoyancy drlving force for the fluld motlon and
heat tranafer in ths poroua medla. and the porous materlal 1s most
vigorous to 1t.

¥lth the Incresss of Darcy-Raylelgh number, three msln modes
of the flov and heat tranefer appears:
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~ Heat 1s malnly transferred by conductlon vlth parallel laothermal
llpnes to the lsothermal walls.

-~ DBesldes the conductlon heat transter exlsts the natursl

convectlon heat transfer with lowv veloclty flowv and ratle of

number of cells to the aspect ratlo y = 1

- Besldes the conductlon heat transfer exists the natural

convectlon motlon wlth wmultiple cells wlth y > 1 and are

clrculating wlith more vigorous motlon ln alternate dlrectlons.

The density dlfference dut to the temperature gradlent helpe
the circulatlon of the fluld inslde the cavlity and the aacending
stream ls always hotter that the descendlng one.

The heat transfer depends on the heat conducted through the
Ilmaginary vallas of the cella and the convection of the fluld
aovlng within lt, and the two effects are coupled together. The
presence of multlple cells has the overall effect in Increaslng-
the heat transfer.

5. NOMENCLATURE

Aspect ratlio = W/H

acceleratlon due to gravlty. =m /s
helght of the porous materlal, u 2
permlablllty of the porous medlum, m
global Husselt nuwmber

local Nueselt number

x

pressure, Ps

Darcy-Raylelgh number = g /¥ K{Tu-Tc)/av
tepperature K

tempersture of hot and cold 1lsothermal boundarles
respectlively, X

fleld veloclty Iln x dlrectlon, m/=s

fleld veloclty. Ln y dlrectlon, a/s
apatlal coordlnates

dimensionless distances on x and y axes respectlvely
vidth of the porous materlal, a

thermal dlffusivity of porous medlum, m */e
coefflcient of volumetrlc expanslon, K~

ratio of the number of cells to the aspect ratloe
dynamlc vlacoslty of the satursted fluid,
klnewatlc viacoslty of the saturated fluld, m ‘e
fluid denslity

stream functlon
dimenslonless stream functlon
maxlmum extremum value of the stresm functlon
convergence crlterlon

stands for the stream functlon and the temperaturs
non-dlmenslonal temperature = (T-Ta}/{Tu-Tc)

o
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