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IMPROVEMENT QF TILE OAAINS By USING MOLE DRAINS FOR
S50IL SUBJECTED TO ARTESIAN WATER TABLE.
By
Mohamed M. Saobeih
Department of Irrigetion and Hydrauvlics, Feculty of
Engineering, Mensoura University, El-Mansoura, Egypt.

g byad) Do) S YG A Gladl lasael st Gyladl e

e gt Y Y Gl laas L es Ul cak el fin oo s
AL SUREUN | R P ISUUL DOV g4 50 L PP DL L T BV CU VY A PA | Y L U B |
Calbdl Gyladl s Gy s Y Ll g Sl ISy M Gayaadly 3!
(W et wadh dhy slauy daas ale ool, w¥ula G‘:..Zl.—.‘ S deed! oy
Clod e an ool Bl o WS 0y ) QLU Ay () an b s Ut
Abadl ety (0, ) e UL Giledl 4 s S e aeckd) et el
Gl e e wlad? e andt b s Ll s tia e W, sl )
i s dmy cdthadt yledly Tasled! ARl Goladl e JU G S e dauld!
e b el bl Gylad! by daclod] DSt Gladl b oo bt nLy o
wamg o UM} Wil Gladl e il e o dpdhdl L)Y ‘]-:‘-_ll (S &‘j:)‘,
Blondly o b ) i) Bl 0 (D) Gl Glad! b Jinl 2ok Gk
e Al el sy (L) S Gl e o G e 2EY)
ity il e g

ABSTRACT - TIhe author presents 1n this paper a new develupment Tor Lhe
problea of an agriecvliucal soil subjeried to an upward potential gra-
dienl Yor an extsliog tile dravige syslew by using mule drains. fhe
case ftaken into account herern ts that of a heavy clay layer undecluin
by a highly permeable aguifer of high pirerometric head. The problenm
15 hydrodymamicaily treated using thr theory of complex functions and
the theory of wmagoesn, The eompiers polentynd, the velucily polont ind
and stream functions are establisbed. torwulas by means of which ve-
locsty componenbs at any poliot may bLe calculated are provided., New
discharge formulas for tile drains and mole drains are established.

A complete study aoF the effect af the varynus parameters on the disch-
arge per mole drain and per tile droan 15 presented.

INTRODUCTION

Khen an agricullural suil of a low hydroulic conductivity over-
lies a highly permeable aquifec of high piterometric head, artésian
Pressure causes uan upward seepage flow 1 Lbe agricultural so:l.

Fhe cantro! of waler lable levels by nole ov Lile droans hps heen in-
veutigoted by wany cesenrchers suvie ang Yedeenrkov (1] , Kirkhaw {2 ]‘
Hooghoudt [3 ] . Hemmad [9,%& 7] , and Hathoot [8,9,30,14,12 & 131 .

In their studies. they bave determined the relation hetween the water
table height and the spacing between drarns Toc a giveo piezometric
head inducing steady rote of upwacd §lux., Un lhe assumptian that the
around surface s represented hy an 1mpcrvious layer and applying the
method of 1mages. Muskat [14] altenpled (he aboye problem,  llammod's
sniulioa T7] nf {he peabilem bt beei aceovding Lo oo hydrodyoamoend
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treatment basecd an the cowmplex fTunclions and conloveal mappoing. ALL in-
vestigators atltacked the prublem cansidering une system of tile or mole
drainags.

In the prescol paper, Lhe prablesm of o bele drasnage systoem which oy
asaiskted by a system af mole drains 18 treated for a clayey so1l under-
lain by 2 highly permeable aguifer nl high piezomettic head. Figure{1}
represents the geamelry of lhe problem.

BASIC ASSUMPTIQONS AND BOUNDARY CONDITIONS.

The basic assumptigns cmploved in Lhis paper are as follow:

I~ T1le drains are running full but:mole drains are running nearly empty.

I- Tile drains are cgual in strength (M) and also, mole drains are eqgual
in strength (mi.

J- The sail 15 regarded homogeneous and sobropic. 1t 15 also assumed
that there 15 o draimable water ahove the water table, which mplies
that a s01l elemeot Fi1lls or drains instantaneously o its final water
content as Lhe water table rises or Talls [hrough lhe element.

G- On the free walbor surface, The pressuce 1n almospherye.,

v~ Lhe aormal grodiont of @ dosappeare aloug Lhe verbrea) Lines ol syie-
wetry, {shown 11 I'ig. 1}.

&- The dotted vertical btines of Fyg. (11 are Lines ol symmel ey and thooe-
fave, there can b ng Tlow acrenss (o,

HYORODYNAMICAL ANALYSIS:

ihe system of Lile drains shawn in tig.{71), may be represenied by an
inlinyte number of equidistanl point sinks lacaled at tile drain centres.
The system of mole drains may be alsn ropresented by an 1afinite number
of eguidistant point sinks localed al male deawn centres, Fig.{2}. in
represent the eifect of Lhe clav-sand and yravel tnlerlace, which s an
cquipotential lino, a similar lictiligus system of suurces 15 assumed as
shown an Fig.(2),

The complex polential of puint sinks 1s
Wiz oloosie B w0 (1)

where M 15 Lhe pornt srnk strength saod U0 s a eeal eonstant

The complex potentilal of point saurces s
WZ = -M {0 510 v+ 2Ny . 2 N

!

The complex polenbliol of five mole drains for une tile drain with
the same spacing 18 given as Iollows:

3 = m.ln sin *%f [z7-aDbYsy modIn sin —%— to-a~thl+ moin sin J%— {z+n-1D}
m.ln sin~—%ﬁ (z~-2a-10)+m.1ln sin *%}~Lz+23—1b}+ oo {3
where m is the point sink strength.
The complex potential of five puint sources 1s:
Wd = -m.ln ain —%%(2+21D+ib)—m.ln ain —%} 12~a+2i0+1b} - m.ln sin _%_

(z+B+2i0+1b)-m.1ln sin ~%TE1—23+2iD+1b)—m.1n sin JE— {(z+2a+210+ib)+L0
cee el (8]
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where C2, C3 and C4 are real constants.

Therefore, the cuomplex potential of the four systems is
Wox Wl o+ WZ o+ W3 o+ WO o+

"where C is again a real constant.

Substitubting 2 = X + iy, where 1 =/ -1, and simplifying:

W oz +#M.In{sin M X/L. cosh My/L + 1 cns MK/L.sinh my/L}
-M.la{sin @ A/L. cosh mly+2B}/L + i cos mMX/L.sinh m{y+2D}/L}
+m.In{sin nX/L. cosh Wy-b)/L +« 1 cas n¥/L.sinh my-b}/L)
+m.ln{sin m{x~a}/L.cosh TM(y-b)}/L + i cos M x-s}/L.sink ®Wy-b)/L)
+m.ln{sin m(x+a)/L.cosh my-b}/L*+ i cos M{x+a)/L.sinh wWy-b)/L)}
+m.In({sin m(x~2a}/L.cosh a{y-b}/T+1i cos mx~2a3}/L,.sinh m{y-b}/L)
+m.In(sin M{x+2a)/L.cosh M y-b}/L+1 cos w(x+«2al/L.sinhnly~b)/L)
-m.ln{sin nX/L.cosh M y+b+2D)/L+i cos MX/L. sinh M{y+n+2D3/0)
-m.ia{sin n{x-a)/L.cosh M{y+b+20)1/L+1 cos Mx-al/L.s1nh M{y+b+2D}/0}
-m.in{sin m{x+a)/L.cosh My+b+20)/L+i cos M{x+al/t".sinh M{y+b+2D) /L)
-m.ln{sin Wx-2a)/L.cosh MW y+b+2D3/(+i cos M x-2a}/).s1inh TWy+b+2D) /L0
-molalsin mix+2a)/ L onsh M{y+h+2D)/1 1 cos T x+2al/l .sinh M y+b+2D] /0 |
+C i (6

Substaituting W = f + iy , where @ is the velocity potential and W
15 the stream function, eqoaling real In real and amaginary Lo imaginary
on bolh sides of the above equalion and simplifying we get:

g = M/2.In((sin” mE/L+sinh my/L)/(sint mX/L+sinh? m(y+20)/L))
n

+m/2.E ln(Esmz n(x—na)/L+sinh2 n{y-bJ,’L]/(s1nzn{x-na)z’L+smh2ﬂ{y+b+2[});’LH
0

+m/2. }"_D ln((smz r{(x+na)/L+91nhz 1'|:1,;.r-t1')/l_),*’(sin2 n(x+na)/L+5inh2 nly+b+203/00)
1

«C (?}
Y = M{tan™ '(cot mx/L.tanh mY/L)-tan  (cot mX/L.tanh nly+2D) /L))
n n
+mE tarf"(cot mix-na)/L. tanh n(y-b)/L)-mE tan_qtcut nix+nal/L._tanhw{y+b+2D}/L))
1

o
...... (3)

where n = ({Lfa)-1}/2
VELOCITY CONSIDERATIONS

From textbooks on hydrodyuamics [ &), velocity components at any pnint
in tte flow field are given by:

vz - B/OX L. (9 and v =z -B@/By el {100}

in which u and v are the velocity components in the X and y direcktions
respectively.

Differentiasting E£q.(7), pattially, wilh respect Lo x and simplifying;
the horizontal velocity component u is given by:
u =z -Mm/2L{(sin ZTEK/L/(Sin'Z‘I'cX/lJ-slnhZ Ty/L)}={ain 2 m X/L/

(sin? X/l + sinh’ W {y+20) /L))
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n
-m Tt /2L E:: {({ sin 2 K(x-na)/lﬁsjnz Tt(x-na)/L+s1nh2 Tly-b)/L ) ~{5in 2 W{x-na)sL/

a .
(sin2 Mix-najsl + smhZ T y+b420) /L))

-mTT /7L E:: {fsin 2 W(x+na}/Lf(51n2 M{x+na)/L + sinh2 TWy-b)/)1-{51n 2 W{x+nal/l/
bl
l {gin® m{x+nal/l + Slnh2 el y+L+2D) /L 3] AR G R B

similarly, differentiatingtq.(7) pactwally wmith respcct to y and samplriying, the
vertical veloucity component ¥V 1s given as:

\ :—HK!Zl(hﬂM¥2nyﬂ/hnnZRXﬂ + nnmzny/an - {sinh 2 Tiv+2DYA S
(smz nx/l o+ Lsinh2 W y+2D370 3 1)

I P
-ﬂﬂt/ZLE:: (st 2 W{y-b}/L/{s1n" m(x—na)KL+51nh2 T y-b 1/ Yi-ioumh 2 T y+b+2D) /L7
: ]
2 2
(san" Mi{x-na}/L + ainh™ T {v+b42D)/10 )

] il
-m T s2L E:l{sinh 2A(y-bl A/ (sin" Wix+nadsl + 51nh21t(y-b}fL]}—(51nh ZWyebe2Db L/
! .
(51n211{x + nal/l o+ smh'g Tiy+0+20)/L 03 AP i3

fFram Fys,{11) aod (12} the fluw velocity at a general point (x, y! can
e obtained,

Inaneet o af P (0P shaws thal Tar w2 0 ad x = 12 Lhe hocizonlal
comgonent of velocity 1s zoero. fhis satisflies an 1mpartant boundary con-
grtinn since x = + L/2 are vertirval lines uf symmetry. Alsa, the horizo-
ntal component u is zero al y = -U0. Ihts satisfies Lbhe vanditian that
the haorizontal line y = -0 1s an eguipolential.

DISCHARGE FORMULAS

The velocaty potential of Jlow, @, way o pul in this Torm

P . ,
B = K{ + ¥i o i 11}
pg
where K 1% the hvdraulie conductivity ol clay, P is the gauge pressure,
£ 15 the density of drained water and g 15 lhe acceinraticon due to gravily.
From €gs.{7) and {15}, we havo.

P \ . 2 2 : , 7 4 .
Kim———— = iz M/2. o Turn” X/ anant” wmy A0 2/ 00an’ ma/l ceent” mle+2 /10 0)

Py

+mf2.zf:lu(tsln2 n(x—na}/1+ﬁinhz K(y—h)}L}/(Binz mex-na ¥ A
3]

. i1 . .
+51nh£rt(y+b+ZD}/L))+IHJZ. [ lnﬁ_smz Tt(x+ﬂa}/l_+smh2}t(}'-b)/L)f
1
2
(sxn‘7{{x+na)iL+sxnh2 n{y+ba20}/1)) + C ALY
Applying Eq.{ 14} at point B (L/2, -D), we gt
K {(ho - D) =0+ 0 + g + L
Loz Kihe - D) el 1)

Applying Eg,{14) at point G{8.0, —%—). where Lhe pressure is atmospheric,

one pbtaina.
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YL K(d/Z+0-hol= M/2. ln[smh T:fJ/ZL/_urlh n{d/? + 200/L)
+m/2.ll‘n(.';ml1 n(d/.{—h)/L/sjnh"ﬂ(d/2+b+2i))/L) '
+m, Z .1r1((sir12 nnas/L + smh?' 'rt(dfz—tn}/‘l.},r’(sinz nrasl +

L snmzn(¢Q £ beYA Y . (16)

The mole drain is assumed to tun peacly empty. Applying Eg.{14) to
point A(0.0, {UL-d/2)) at Lhe mole drain bottom where the pressure is
atmosphecic, the following 15 obtaimed.

K(b+D-ho-d/2)z M/2.In(sinb? W{b-d/2)/L/sinh TL{b+20-/2)/L)

y 2
+m/ 2. 11'1(sir1h2 n-d/2/L/sinh” m{2b+2D-d/2) /L)

Z
+mz__ Inf bllldT‘tr\a/L+b]l1l1 n{-d/2y /A (sin” woasL +

slnh m{2b+20-d/20/L0 e (17

Applying Eg.{14) to point F{L/2, H) on the free water surface, Fig.{1},
1t follows,

".K(HsD-ho)z M/Z.1n{cosh m1/L/cosh2 T{He20) /1
+m/2, E 1n((cos nmas/l + sinh2 hi H—b)/l.)’(casz nfta/L+smh2 T H+b+2D )L )

+m/2 [ﬂ .ln({cus,2 nma/l+ s1r1h2nf,l!~h)/L}f(cns2 n'rta/L+sinh2 W +b+20) /L7
A (18)
The above equations may be rewritten as flollows:
K{d/2 + 0D - ho}) = M BT +m (62 +63 ..., (19}
Kb + D - ho-d/2)= M§4 +ml 65 + &6 ..., (2o
K{ll + 0 - ho) = M&7 +wm{ &1 +8B9y ... (211}

in which
= | lo(sinhzﬂd/ZL/sinhth(d/Z + D)L
= b Inlsinb? n(d/z b)/l./smh N{d/2+be2D) /L)

3 )ﬁ ln([sm mna/L+ 51nh nid/2- D)/L)/(sm’ nna/L+51nh n(d/2+b+2D3 /L))

1
a I ln(smh 7 (b d/Z)/L/smhz T (b+20-d/2) /L)

} ]D(smh i~ d/2)/L/51nh T (2b+2D-d/2)/L)

2
6 Z Ln{(sin” una/L+s1nh n(-d/23/L)/(sin Tlna/L+3inh2Tt(2b+20-d/2/L])
i
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7% i.‘ln(coshzrlH Lo+ sir\h2 T (H+2D3 /L0

)

Bz} 1= .In((cos? 1 najls sinh? x (H-b}/L/(cos’ Tt na/L+sinhaD+Heb)/L))
8 T . T nays /leos™ W na/L+sirbg(20+Heb ) /L

&

u

o .
9° 4 znj_.ln((::osz T r|:|f’l_+:;ml12 {131/l )/(Cm;z T n;|/L+mnhz T (2 )
1

From £gqs.{19) and (21} we get

K(d/2+H+2D-2ho) = HIB1 + B87)1+m{ B2+6 3+ 68+ 59)  ...... (22)
Also, frem Egs, (20) and {21} we get

K{H+2D+b-2ho-d/2)= M{ & 4+ 6 7}+nl 6%+« B6+ 60+ B ... .. {23
The above equotions may be again rewritten as follows,

Kgl =H b «wmmz L (24]
KU¥2 = M3 +mms (25)

in which
B, =(d/2 + H + 20 - 2ho)
g, =(H+ 20+ b - 2ho -~ /2"
My 76,+6,
]'1.2252*53*'68*'69
N3 7 646y
Ny = 85+ B, +Bg+by

Frum €gs.{24} and (2Z5) and solving for M and m we get,

m

K(Br-nted/mz (27)
where B8 = {gl.hd4 - U2ZN2)/Int.qd4 - M2.79 3)

Therefore, from £q.(26), the discharge resching each unit length of
tile drain 1s given by
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From Eq.{(27), the discharge reaching each unit length of mole drain is
aloo given Dby

o, = 2®K(@B-W.O)/NM2Z {29)

EFFECT OF THE VARIDUS PARAMETERS ON THE DRAIN DISCHARGE:

It is found from Eqs.{2B) and (29} that the discharge per unil leoglh
i tile drain or mole drain is affected by certain parasmelers such as b,
H, ha,..... ete.

In the fFollowing, we shall discuss the effect of the principal parameters
an the discharge per unit length of tile drain and the discharge per unit
length of meole drain.

A- EFFECT OF VERTICAL SPACING, b. =

The effect of vertical spacing,b, on drain discharge is 1llustrated
in Fi1g.(3). As the vertical spascing,b, increases the discharge per unit
length of tile drain increases but the discharge per unit length of mnle
?rain decreases. The curve for tile drain 1s steep while for mole. drain it is

lat.
8- EFFECT OF WATER HEAD,H.

Figure (4] illustrates the relation belween the discharge and Lhe
water tahle height. As the water head,H, increases the discharge per
unit length of tile and mole drain decreases. This is hecause inerea-
sing oaeans o smallec reguored depression ol waler Table Dram The oo -
ginal pouilian.

an
Tile Orains
36T
——-~Hlpole Oreins
3z
L =20mnm
d = 0.1m
Br p-iom
ho = 15 m
24
20 |
16
A
=
o FXSE335zo2o00 f s 0.5y
k] H s pg ~——-<Sf--=To—-o
ol W = Qo Bl kbl
il e 4 Hx 2.5y

b/d
fig.(3): Oischarge per Drain Yersus Spacing, b.
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100
%0 } — file Drains
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F1g.(5}: Discharge per Drain Yersus spacing, |,
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Fig.{a): Discharge per Drain Yersus Piezomelric head, ho.
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Fig-{(7): Discharge per Drain versus soil thickness, D.
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C- EFFECT QF SPACING, L.

Fiqure (%) shows Lhat Lhe discharge per ant Teoagih ool Dale draen
arnd ger unit length of mole drain increases when 1ncreasioag Lhe spacing
l. Figure(5; 15 regardedasa discharge design chart in & non-dimensiaonal
fara.
0- EFFECT COF THE PIEZOMETRIC HEAD, ho.

In Mig.(&) the relalion between Lhe discharge per untt length af taile
drain and per unil length of mole drain and the pieromeleic hend of 1 he

sand aquifer, ho. 135 she

yen plobted.  From this figure, 1t (s evident

that Lhe discharge per unit length of bolh tile drarn and mole drain an-
creases on 1ncreasing the piczomebric head, ho.
E- EFFECT OF 501IL THICKNESS, D.

Migure (7) 1llustrates the efllect of =01l thickness below ti1le drains,
0, on the discharge per unit lengih of hath tile drein and maie drair.
A= the sa1l thickness i1ncresses the discharge per unit Jength of tile
drain and per untt length of mole dratn decreases. [t 15 mleacly scen
that the curves are sfceper at smaller values of sail “hickness, D, and
as soi1l thickuess ronerrases the cutve gradoal ly Tlal Leos,
CCNCLUSIUNS

A new tmprasescnl Toe oan e sl ang Pl olrgrnmoge svstenr g o e
deivins Lo penbecy do o agraenltural olay Layer, nnderiarn by o soaond o
uravel aquiler ol high prezametrie preassare 1s establirshed 1o bthis
paper. fhe Lheory nif vcomplex foncl tons and the theory ol 1mayes are
used Lo establrsh Uhe veloactty polenl pad and the slreawm Taaey ton,
Velactls camponents ab oo gqencreal poinl o bhe [low fasln re aisa dera -
ved. Mathemalical soluotion when cherked by applying the vejority for-
mulas 1y (ound in savrsly the imposed houndary cenditiongs,  lThe new dis-
vharge formulaos ‘or btile drains aond wole deatns are derived.  lhe effect
af severat parameters, such as vertical spoacing between male drains and
tilu drains, height of water table, the prezometric head....etc. on

the disrharge per unat

length of tile drain and per unit lenglh of moie

draoan are studied. Graphs are provaded Lo v llustrate the relation hel-
ween the discharge per unit length of drawn amd each ol the involved
parameteors,  rom the annve relations, st 15 eviden! that, the best eco-
nomictal achievemenl vccurs when Lhe small verlical spoacing, b, is used.
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NOTATION

The Tollowing symbols are used in this paper:

o = spacing belween Lwo successive mole drains:

7] = vertical spacing between lines of tile drains and mole drains;

I = drain diametery (Tur bobth tile and mole drains;

0 = depth of top clay cap below tile drains;

q = acceleration due to gravity:

o = piezometric head uf sand and gravel aguifer;

) = height of water table abowe tile drains al the wmid posnt
between two successive tile drains:

L = Jo1 H

K = Hydraulic cunduclivily ol clay;

i = spacaing between twa suercessive Lole drains;

m = slrengbh of g poinl sink lor mole Jdrarns:

H = strengkth of a point sink for tile dreing;

n = ((tfa}t-1}/2 ;

P = gauge pressure At any general powni {wx,y):

ﬂm = discharge reaching each umit lenglh aofnoele drainsg;

L = discharge reaching each unit length of ti1le drains;

u = velocity component in Lhe x-dircctiong

1] = vertiral downwiard steady streaming reprosenling ran ot
irrigation water;

¥ = velocity component in the Y-direction,

W = cowplex potential = @ + iy

¥,y = cvoordinates ol any point in the (ield ol molion;

z = complex number = x+liy;

d = the equipotenlial function:

W =z the stream function: and

Iel = wolker densaily.



