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ABSTRACT : 
-- 

In a previous paper, the authors have presented a study and 

comparison between two models of the parametric acoustic arrays 

namely: the parametric array formed by collimated primary beams, 

suggested by Westervelt, and that formed by diverging primary 

sound beams as reported by Muir and Willette. A constant value 

for the radius 'a' of the projector was assumed throughout the 

mathematical analysis which indicated that the two models 

under investigaticn produce very close results at relatively 

high values of the mean frequency of the two beams 'f,', 

whereas for smaller values the results obtained from the two 

models are significantly different. In this paper, a study 

of the effect of changing the dimension of the transducer is 

presented. It can be stated that, in general, a change in the 

overall results was observed. The value of 'feV at which the 

two models start approaching each other varies according to 

the value of 'a' as expected, and for the case where 'a' was 

relatively small some fluctuations in the results obtained from 

the second model were observed. 

NOTATION : 
-- 
a radius of the piston 



primary beams f requencies  

t h e  mean value  of primary f requenc ies  

t h e  d i f f e r e n c e  frequency 

t h e  c r i t i c a l  mean frequency 

s i g n a l  a t t e n u a t i o n  c o e f f i c i e n t  

= 3.5, parameter of non l i n e a r i t y  

peak p ressure  of t h e  primary waves 

peak of t h e  d i f f e r e n c e  frequency p ressure  

sound v e l o c i t y  

s t a t i c  d e n s i t y  

angu la r  frequency 

wave number 

source  s t r e n g t h  d e n s i t y  

p o s i t i o n  vec to r s  of t h e  e lementa l  volume, t h c  

p o i n t ,  and t h e  elemental  volume r e l a t i v e  

f i e l d  p o i n t ,  r e spec t ive ly .  
2 =3a / 4  Xe, n e a r f i e l d  parameter 

angular  coordinates  
- 1 = t a n  ( a / r o )  

p r o j e c t o r  a r e a  

1.  INTRODUCTION: 

Previous ly  repor ted  ar  (jisis by t h e  au thors  ( I  ) d i scusses  

two of t h e  w e l l  known mod2ls f o r  t h e  parametr ic  a c o u s t i c  a r ray .  

These models a r e :  

(i) The parXn-' .--e a r r a y  formed by co l l ima ted  primary beams. 

(ii) The pz.. . - ~ t z i c  ar--17 formed by d iverging primary beams. 

The former wa:, o r i g i n a l l y  suggested by w e s t e r v e l t  ( 2 1  who 

assumed some ~ o s t u l a t e s  which f a c i l i t a t e  t h b  a n a l y s i s .  H i s  

model assumes two high frequency primary p lane  waves which a r e  

col l imated  i n  t h e  region of i n t e r a c t i o n  of t h e  two beams. 

Spreading of t h e  beams i s  completely neglec ted  and t h e  

a t t e n u a t i o n  c o e f f i c i e n t  a t  t h e  d i f f e r ~ ~ ? e  frequency i s  

neglicjiBle. 



Weste rvc l t  c a l c u l a t e d  the,  d i f f e r e n c e  f requency  p r e s s u r e  

on and o f f  a x i s  of t h e  p i s t o n . .  The o b t a i n e d  e q u a t i o n s  a r e  

c h a r a c t e r i s e d  by the i r  s i m p l i c i t y  and e a s e  i n  u se  f o r  d e s i g n  

and a n a l y s i s  c a l c u l a t i o n s .  

The second nodel  was r e p o r t e d  i n  a  paper  by Muir and 

W i l l e t t e ( 3 '  who extended t h e  work of Wes t e rve l t  by c o n s i d e r i n g  

Che primary beams t o  be s p h e r i c a l l y  sp read ing  a s  shown i n  

F ig .  ( 1 )  and so lved  numer i ca l l y  t h e o r i ~ i n a l  i n t e g r a l  equ-ation 

of i i e s t e r v e l t  w i thou t  any approximations.  They only  assumed 

t h a t  t h c  second o r d e r  components of t h e  p r e s s u r e  propaga te  i n  

t h e  medim i n  a  l i n e a r  mariner and the i . r  d i s t r i b u t i o n  can be  

p r e d i c t e d  by a  q u a s i - l i n e a r  t heo ry .  

The d i f f e r e n c e  f requency  p r e s s u r e  o b t a i n e d  i s  somewhat 

given by a cornplicatcd t r i p p l e  i n t e g r a l  e x p r e s s i o n  which can 

be reduced t o  a  double  i n t e g r a l  exp re s s ion  when w e  c o n s i d e r  

t h e  on-ax is  p r e s s u r e .  

The comparison between t h e  two models r e p o r t e d  i n  t h e  

p rcv ious  paper  was based on assuming a c i r c u l a r  p i s t o n  of  
P 

r a d i u s  a  = 0. G381 m (same a s  r e p o r t e d  i n  r e f e r c n c e  3 )  . / 

The va lue  of t h e  a b s o r p t i o n  c o e f f i c i e n t s  f o r  t h e  d i f f e r e n c e  

frequency components w e r e  assumed t o  va ry  w i t h  t h e  squa re  of 

t h e  cor responding  va lue  of t h e .  f r e q u e n c i e s  (u .2 .5  . l o - '  4f2) . 
The comparison inc luded  c a l c u l a t i o n s  of  t h c  on-axis  p r e s s u r e  

a s  w e l l  a s  t h e  3dB beamwidth as f u n c t i o n  of  t h e  mean f requency  

o f  t h e  primary waves I f e '  keeping t h e  difference frequency 

I f d '  and t h e  range  R c o n s t a n t s .  A numer ica l  s o l u t i o n  was 
0 

employed t o  s o l v e  t h e  c o n p l i c a t e d  e x p r e s s i o n  d e s c r i b i n g  t h e  

d i f f e r e n c e  f requency  p r e s s u r e  of t h e  second model. The 

r e s u l t s  ob t a incd  t h e r e  showed c l e a r l y  t h a t  t h e  two models . c 

approach each  o t h e r  a t  a  c e r t a i n  va lue  o f  I f e '  and t h a t  

t hey  become c l o s e r  and c l o s e r  a s  If,' i n c r e a s e s .  However, 

below t h e  s p e c i f i e d  ( t h r e s h o l d )  o r  ( c r i t i c a l )  va lue  of  f e l  



a t  which t h e  two c u r v e s  o f  P o b t a i n e d  f rom t h e  two models d ' 
approach  e a c h  oti:cr, t h e  d i s c r e p a n c y  between t h e  two models  

i n c r e a s e s ,  .This s u g g e s t s  t h a t  when d e s i g n i n g  (or  a n a l y s i n g )  

p a r a m e t r i c  array one can d e t e r m i n e  which o f  t h e  two models  

c a n  be u s e d ,  d e p e n d i n g  on  t h e  o p e r a t i n g  f r e q u e n c i e s  and on  

t h e  s i z e  of t h e  t r a n s d u o e r .  ' 

It  was t h e r e f o r e  c o n v e n i e n t  t o  e x t e n d  this work t o  s t u d y  

the  eflfect of changing  t h e  r a d i u s  of t h e  p r o j e c t o r -  and t o  

r e c a l c u l a t e  t h e  o n - a x i s  d i f f e r e n c e  f r e q u e n c y  p r e s s u r e  and 

notice t h e  change  i n  t h e  p a t . t e r n  o f  t h e  r e s u l t s  which can  

be o b t a i n e d .  

( 2 )  I n  Westerve3 t s n o d e l  t h e  a x i a l  d i f f e r e n c e  f  rcqucnc;? 

p r e s s u r e  i s  g i v e n  by: 

( 2 )  The d i r e c t i v i t y  f u n c t i o n  is  g i v e n  by . 

4 o ( 0 )  = l / ( . i + ( k d /  o e I 2 .  s i n  8/21 $ . . . .. . . .. ( 2 )  

Xany a u t h o r s  ( 3 - '  nmdif i e d  W e s t e r v c l t  ' s r e s u l t s  by t a k i n g  

i n t o  a c c o u n t  t h e  e f f e c t  t h a t  arises from t h e  s p r e a d i n g  of 

t h e  p r i m a r y  bcms t o  form s e v e r a l  models.  

The g e n e r a l i t y  o f  Muir and Willette mode l (3 )  makes it 

q u i t e  preferable t o  r e p r e s e n t .  a u s e f u l  d i s c u s s i o n  f o r  t h e  

d i v e r g i n g  beams c a s e .  The e q u a t i o n  o f  d i f f e r e n c e  f r e q u e n c y  

p r e s s u r e  /s of t h e  form, , 



f o r  t h e  o t h e r  p a r a m e t e r s  s e e  F i g .  ( 1 ) .  

3. RESULTS AND DTSCUSSION : 

The r e s u l t s  o b t a i n e d  i n  t h i s  c a s e  i n d i c a t e ,  t h a t  t h e  two 

c u r v e s  o b t a i n e d  u s i n g  Eqs.  ( 1  ) and ( 3 )  behave  i n  t h e  same 

manner a s  was p r e v i o u s l y  o b s e r v e d  i n  r e f e r e n c e  ( 1 ) .  For  t h e  

s a k e  o f  compar i son ,  F i g .  ( 2 )  of r e f .  ( 1 )  i s  r e p l o t t e d  where 

' a t  was t a k e n  t o  be  e q u a l  t o  0.0381 m.  From t h i s  F i g u r e  it 

can  be  shown t h a t  t h e  v a l u e  of ' a t  which t h e  d i f f e r e n c e  

between t h e  two c u r v e s  i s  1 . 9  dB i s  a b o u t  1MHz. A s  ment ioned 

above ,  t h e  two c u r v e s  approach  e a c h  o t h e r  a s s y i n p t o t i c a l l y  a s  

' f , '  i n c r e a s e s ,  and g i v e  ?nore o r  l e s s  t h e  same v a l u e s  a t  

l a r g e  v a l u e  o f  I f e '  whereas  t h e  d i f f e r e n c e  between t h e  two 

c u r v e s  i n c r e a s e s  s i g n i f i c d n t l y  a s  ' f e t 2 i s  d e c r e a s e d .  L e t  

u s  d e n o t e  t h e  v a l u e  o f  If , '  a t  which t h e  d i f f e r e n c e  i s *  

1 . 9  d B  by I' f  e c ' l  . - - 

If t h i s  c r i t e r i o n  i s  used  f o r  t h e  o t h e r  r e s u l t s  a t  t h e  

d i f f e r e n t  v a l u e s  o f  ( a )  it c a n  be s a i d  t h a t  a s  ( a )  i n c r e a s e s  
* * 

" feet d e c r e a s e s  and l i c e  v e r s a ,  h i c h  is' a n  c x p e c t e d  r e s u l  i s ,  

s i n c e  as t h e  s i z e  of  t h e  t r a n s d u c e r  i n c r e a s e s  t h c  beams 

beams become more and mor& c o l l i m a t e d  and t h e r e f o r e  t h e  two 





models approach one ano the r  a t  r e l a t i v e l y ,  low v a l u e s  of 

' f e t  t h i s  i s  c l e a r  from F ig .  ( 3 . g ) .  

However a s  " a "  t a k e s  sma l l  v a l u e s  t h e  va lue  of It  f I 

d e f ined  i n  t h e  same manner a s  above, i s  inc reased .  T h i s  

i s  shown i n  F i g s .  (3 .  a - f )  . 

To summarize t h e  r e s u l t s  ob t a ined  i n  t h e s e  f i g u r e s ,  

a  pl .ot  of "fecl1 a g a i n s t  "a"  i s  shown i n  F i g .  ( 4 )  . 
One remaining p o i n t  t o  d i s c u s s  i s  t h e  observed 

f l u c t u a t i o n s  i n  t h e  v a l u e s  of P a t  low v a l u e s  o i  I f e '  d 
e s p e c i a l l y  f o r  s n a l l  v a l u e s  of  " a " .  The proposcd r ea son  

f o r  t h e s e  i s  t h e  n a t u r e  and behaviour  of t h e  E e s s e l  f u n c t i o n  

which appear  i n  t h e  e x p r e s s i o n ,  a t  s m a l l  argu:ncnts. 

The fo rego ing  a n a l y s i s  shows c l e a r l y  t h a t  t h e  s i z e  of 

t h e  p r o j e c t o r  a f f e c t s  t h e  agreement of t h e  two models 

( W e s t e r v e l t ' s  model and t h e  g e n e r a l  mode l ) .  For r e l a t i v e l y  

smal l  p r o j e c t o r  s i z e  t h e  f requency a t  which t h e  two models 

approach each o t h e r  
'I ecl1 

i s  consequent ly  l a r g e .  Ho'i.?ever, 

a s  t h e  p r o j e c t o r  s i z e  i n c r e a s e s  " fec t '  d e c r e a s e s  r a p i d l y  a t  

f i r s t  and t h e n  approaches  s lawly  a  c o n s t a n t  va lue .  
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