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ABSTRACT- The author present~ in thiS paper an anal~'sl'" oI, a tile drainage .y.stem which 
i, as'.Iisted by double mole drain~. This [s in the case cI [he vertical downward :;t;:epal'.e 
oj rain or irrigation water to the above system in a heavy cla~'ey soil under lam by a 
pervious sand aquifer 01 relaullely low pu!:zometnc head. 

The problem IS treated mathematIcally using the theory of complex funCtions 
al1d th~ theory 01 image!.. The complex ;H>teotial, tile velocity potel"ttial and the stream 
[unction are establisl:ed. New discharge formulas lor tile. drains and double mole dr"ins 
are derived. Also, functions for velocity componpnt~ at a germr ... 1 pOint in lhe 1101'1 held 
are dccivcd. riM,By a new desi&n formula i:; concluded and an actual field problem is 
nU'l'lericaUy ~olved. 

INTRODUCTION 

The need to keep productivity of agricultural soil led over a century 4Igo to thc 
use of 5ub5u~fac.p draj~, proper1t 'pdLed and dlmemloned to give pedl!Cl ccmrol ot the 
sutsoil water level. GeneraLy, subsurface drainage system is e)l(tensively used flJr draining 
agricultural Jand 10 increase land prOductivity and to save eXisting culuvated areas. T:le 
co.elt~d drainage .ystem is regarded as ,he ideal '!ty!.tem {or drail'lage. It securts {n 
maximurT benefit with the minimum cverall C05!. The mast il'!'lponant !!ynem' o( coven 
drains are tile, pluw,: and mole drillnage wstems. Mole crain $)'sle:n 15 the cheap~,!,t a 
the simplUt means tor draining agricultural land~. ~ 1;2 &. J 1 

JI'I the preseo! paper, the problem 01 a tile dralflage !),stem ....,h,ch is ilssi~te( 

a system af double mole drains ,~ ~r .. ared, {or oJ. cl<l.yey 5\liJ I.Inderlain by a sand eC' 
of 10...., p.ezOlTlenic head and h.gh hydraulic conductivllY. Figure (1) represents the geo' 
of t:'le problem. 
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MATHEMATICAL MODEL 

Tne 1I0w pattern mal' be slmula.ted by assuming a vc:rticoll downwarc stream, 
U, representing rain Or irrigation water past twO rows of draills. The first row cOnsists 
of an inUnile number of equidistant double mole drains represented by equidistant 
paIrs at sihK~ ea ing, <!,t'trenetl\ el:\"aJ to m. The ,~cc()nd row con~ist5 ot an inflnHe numb~r 
of ~quidistant drains repre~ented by equidistant sink$, each having a strength 
equal to M. The ~ystem of tile and mole drains i!l ln5taUed as shown in /i~ure (I). 

The ~p&.ci(\g bct.ween tile drains equalS L, A pair of mOle drains il \ltaced abo .. e each 
tile drain at a vertical distance equals b. An even number of mole arain pairs is 
located in the distanCe L, when~ the du,tallce beIWer:f1 IWO ~uC(.:e!s.ve paJl~s equals a. 

fronl ,ligure (I) the t;omplex pot~lltial. for a ,do\llQward vertical stream is 

WI " • I U Z. • • (I) 

The coml'le~ pct£:fltial of ,HI In!ini~e numcer of tile drains is given as £0 110\11 s: 

••. (2) 

The complex potl:ntlJ.'1 01 five double mole drains for one tile drain wi:h 
the ~ame ~pecing is given bf 

W J ~ m • In sin -[~ (z - e - ib) • 

.. rn . In Sin -r (z -(a~el -ibl 

m • In sin 

• m, In sin 

rr (z , c - ib) 

(7,. .' (a+e) -ib) 
l 

• In . In ~in 1[- 17. I (J-e) ·',h) , no . III till '1J .I, t kll C') -'~)) 

.. m . In 5lf1 -1 (z - (la-e) -io) .. m • In sin -I (z - CZa+e) -ib) 

.. m , In sin -~- (z .. (2a-e) -lb) ... m . In ~if1 -~- (z • (.2a..-e) -ib) 

The complex potential o{ th,s SYStem IS 

W " Wl + \\,2 + WJ 

... m 

••• (4) 

Putting w, in a. genetaJ form and ~ubstltull"g 'or2~x.iYI where i= -l,andsimpli!ying: 

W ;;; M • In [sin It x)l • cosh n: V)l .. I cos 1l. x/L . sinh 'Tt' Y ) L) 

.. m f Il'Il Sin It {,. • (na + e»)1.. cosh 
o 

;l!y-b))L ~ j cos 1l. (xt na-e))L 
• ~inh rdY-b)/L) 

• m n [. 13 \1\ ~Ir\ It. (I( - (".1 • d) /l COlOr. ll(y-,)/l - I cos n: (x-(n<l~{'i)/l 
0 , ,inti n: (.)'-b)/LJ 

.. m !:,In l sin It ()I. f ("a - e»/L <:osh Tt <y-bl/l • I cos 1l. (x-(na-e)/l 
I • sinh n:(y-o)/l 

+ m t,ln [ sin It (x - (na'e)}!L . cosh 1l. (Y-bI/L + i cos Tr(x-(na.e!}}l 
J · Sinh n (y-i;l)/L 

- i UX • C Y , .• (5) 

where n "' ( l/a - I) f Z 
Ua '" N :: an odd number 

ConSldenng w., 4:' .;. I '¥ • where 4l is the velocity potential and 'f' is the 
stream {lJf\ction. and separating real and imagInary pa.C!~ 10 me above equatio~ we 
t1ave: 
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<t> 
M I [ . , " .. -r' " Sill It XlL .. ~Lnh' .1\ Y IL] 

• -r-~ln [ (sin' It «(x .. .:) - na)/L + sinh • It (y-b)/Ll • (sin t n. ( 1-e)-nlllJL 
• sinh' It (y-b)/Ll] 

rn nl [ . , 
It ({x.e) .. "a)/L .. sinh' Tt (y-b)JL J. (sin' .It «x-e)+/la)/L + -2-1:: n sIn 

I .. sinh' It (y-b)/L)] 

• u y • •• (6) 

.. M 
-I 

1\ (y-b)/U 'f tan (COl It X/L tanh 

.. In 
n [ -I .E Ian (cot It ({xoe) - na)/L . ·tann ·It (y-b)lll 
0 

.. tlln- I (cot .It ((x-e) - na)/L tanh n (y-b)/L)] 

+ m {J [ tilll -I (cO[ rc «X+e) .. na)/L tanh It (y-b)/ll 
I 

• tan -I (cOT rr «l(-~) + nal/L . tanh T( (y-b)/UJ 

- U X • •. (7) 

YELOCITY CONSIDE R" TlONS 

by: 
The veloci I y components u and v at any point 

u=-acpl a~ 
v= - aCP I ay 

{ 21 
In the flo.., Cield are given 

• •• (8) 
• •• (9) 

..,here u and v are the velocj[y components in the x and y, respectively. 

DHlerentJaring Eq. (6), parr ially ..,ith respect to x and y. and simpltfying • ..,e get: 

u ,,- M It /2L ( sin 2 It K/U I ( sin' It x/L • sinh' n. ylLl 

n 
- mn 12L~ «( sin 2 n ( x .. ')' nll)/L) I ( sin' It ((He) -na) IL 

.. sinh' n (y-bI/Ll 

-mT( /2L E « sin 2 11: (lL-e) - na)/L) / (sin' n (b.-e) - na)fl 
0 .. sinh' It (y-bJ1l)) 

- mit 12l ~ « $in 2 11: «lL-e) .. na)/L I (sin' n «x+e) • naJ/l 
I .. sir.h~ rc (y-b)/l 

- mn: 12l t::(sin 2 rc «x-e) + n~)/L) / (Sin' 11: (hc-e) + na)/l 
I 

.. si nh' It (y-b)Jl .•• (10) 
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~ " .... rc 12l (/ .inn 2 It y/ll / {sin.2 It xlL .. sinh 1 r: y/Lj} 

- !l'I 11 ,Ill t({sinh 2 "1 (Y-i)) I (SU,\2 It. {(hd-na) It + s.l\'\h 1 It (y-bllL)) 
o 

- m n: III E((!>lnh .2 it (y-b)/L) / {sir' It. '(x~e)-na)/L .. sinh 1 Tt (y-bJ/L)) 
o 

- r:1 T1' /2l i:;{(sinh '2 nty-b}/U I (SI01 Tt '({He)+~a)/L .. sinh' Tt. (y-b)/L 
I 

n 

- m T1' i2l:E(sinr 2 n(y-bl/L) (5in' 1'( «x-e).nal/l + sirh J It (y·bl/L) 
I 

- U · .. (I Ii 

from Eqs. (lO} ill"ld {\ \} l'1e flow 'eioc)ly a1 II f,enen.! PO,!)! (x.),) (.,In De 
obtain.:d. r\t )(::<> ana x~L/l. the horlzonal ~elocJty component, u, is zero which IS 

It I' cot\diuon lor the YerticJl Jines IG olnd FE to be !lnes of sr'l'lmetry. 

DISCHARGE FORMULAS 
(2& 7J 

The equipotentIal ;UI\U Oil, <p • may bc IIIriucll In the follo""mg Cornn 

4' ' k ( g 
~ y) • .• (12) 

wh"rf' k is Ii"ll' hydrauli(: (:I.)"ductlIlItY of clay, p is the gauge pre3lure.(, is the density 
of dramed '"",ner and g u tht acceleration due !O grilvity. 

Applying Eqs. (6) and (l2) to poin t A (U2,H), tlgurc (I), we ootalfl 

K.H = .. -~- • In cosh' IT H/ L .. m. In (cos) rt<:/L + ~illh I n (H-b)!U 
2 

+ m £::: I" [:051 1'( (e-n,,}fL .. 1inh 7 Tt (l;-MJl 1 
J 

~ rn £:: III (COS' IT (c-nil)/l + sinh' n: (H-b'/l l .. UH ... (13) 
I 

J. we get 

1£ elL. • sinh 1 n: (d/2-b)/L 

" • mE. In (sIn' \( (.,.-na) I:.. • S\C\!"< l n (u{2-0: /L) 
I 

" 
• "n 2: In (s n 1 

T( (c-nal It ~ 51"1'1 1 IT k/Z-b)tl + U ~-
I 

• •. (14) 
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A~plying Eqs. (6) and (121 Co point E (LIz • • 0), we have 

k (ho - D) ~ -~- • In r.osh I TJf .. m. In (cost It ell + sinh> It ( O.b)/l) 

n 
+ m 1: In <Cos' It' (e-na) /l ... sinh J T( (D .b)/l ) 

I 

• m ~In (cO!>1 T(e.na)/l .. sinh· :n. (D+b)/l) - UD 
I 

A~plying Eqs. (6) and (12) to poim C (e • (b .. d/2J ) • we ge r 

• •. (J 3) 

k (b~ -~) = " -~- • In (sin l T( ell .. sinh J 11: (b~d/2) III .. -~- . In (sm' 2 11: ell 

.. 5inh ' fl dl2Ll " (sinh J n dl2l) 
1'1 

11'1"" .. -Z- £....11'1 (sin' 1t (2e-na)/l + )mh J Ii: dIll) .• {sin' (-n T( aiLl .. sinh l It d!2l} 
I 
1'1 

1"11 ~ .. -~- ",-,In {sin' It (2e+na)/l ~ ~inh J 1t d/2Ll . (sin 1 T( naIL .. Sinh 1 nd/2l) 
I 

.. U (b .. d/2) 

TI'e above equations may be reUlritten a~ I a/lows' 

KH 
K dl2 
k {ho - OJ 

me2 ~ UH 
.. mS~ .. U dO 
+ m 56 - UD 

k (b .. d/Z J 

M&I 
" M5) 
= 11.10; 
;; M 57 + m 6S .. U (b.d/2) 

61 ;; IlL • In ("ash' 1"( H/L 
52 = III [co ... ' "ell, ~JI\II' rr{l"!-b) III 

1'1 
+ 1: In (co..,' n (e+na) Il • sinh' 

I 
53::; 1/2 • In 5inh' n.d/ 2l 

T( (H-bJ/l ] . [cos! n (e-na) Il 

.. sinh] 11 (H - bl/L1 

64=ln [sin l neIL + Sinh l It tdll - b) Il ] 

eon;!') IL - sinh' 1'( (d/2-b)/l]. ( sm' 11: (e.na)/l 

• . " (16) 

· " . (\ iI 
• •. (l~) 
" •. (19) 
· •. (2(;) 

+ £:: InC sin' It 

I .. sif'N T( (d/2 - bilL ] 

65 = 112 • I n cosh I 1\ Oil 

. 56 ; In [CO~I n' ell - sl!'.h· fltO+b)/L 1 
n 

+ I:: In [ co~, 
1 

n(c-na) Il . sinh 1 rt (D+b)/L ) • (CDS' ,,(e'na)/l 
.. sinh 1 (O .. b)/L] 

fi 7 " 1/2 • In [ sin' nell. sinh' It{b .. d/2) Il ) 

68 .. 1/2 In [Sin' 2 nell + sinh 1 nd/2l]. [sinh' nd/2l1 
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n 
~ 112 E In ( ~in) 

I 
II (2e - !",al/L .. !il'ln J '1\ d/2l 1 . [sin' 11: na/L+sil'lh' 1\ d/2l 

• 1/2 ~In [sin' Tl (2eHla) /l.+linn' It d/2l) • hin1 I't" naIL + sInh' 11. dI2l.) 

SubtractIng Cq~. (I Sl , (j 9) Olnd (ZO) from Eq. ([ 7) 

1< (H-d/2 = M (61-53) + rn (!)2-Sq) , U(H-~/2) 
~ M (51-S5) • '" (62-66) * tj(H*D) kl {H. D-I,o) 

k (H-b-d/2) ~ M (61-57) + m (52-&8) • U(H-b-d/ll 

The IIbov" equa !lonS mOly b~ rewn Iten as Iallows : 

where 

,ell] = M,lj2 ... m.'d3 + U .tll 
k ,b" .O,I.l::15 • m t16 .. U lJ7 
kl18 Mjj9 • m.OI 0+ U l18 

tJl - H - u/2 
tJ4 = H ... D - ho 
d7 = H.I~ 
tiIO=b2-5& 

02 = b I -5 ) 
t) 5 = 6 1 -5 5 
t ::! ~ H-b-c1/2 

'03=62-64 
00 =6:2 -66 
t59=bl -67 

M = (k tJ [(tj7-C4)/tl2 tn - tJ J tm - m «03 b"7 - tj] tH)/ (02 tj 7 - 'Cl'd 5») 

Eljmina tlng U be twc~n Er;~. (2~) and (26) o.nd solving lor .\\ dmj nl, \lie ge t 

M , m (al.tjl 0 - tum) I ('d 2 tl J - tJ It:) 9») 

sublr~cllng ECq. (2~) .rom [q. (27), \OIC h.J.~c 

where 

m , kCll (tj7 - 04) ,I (dW7 - 0 l.'(5) . (81 - 8:2) 
M - k.o'j(tj7 -tJ 4) e I / (0207 - tiLti5) , (Ol] * 82) 

G I , (tll.HIO - r, um ) (b2.t)1l - t> I b9) 
82 = (tn.tl7 - ~1.tj6) / (tl2L7 - tll.t)5) 

• •. (21) 
· .. (n) 
· •• (23) 

· •. (24) 
· .. (25) 
• .. (26) 

· .. (27) 

· •. (23) 

· .. (79) 
, •• (JG) 

The:efore, [rom Eq.(29), the di~charge rpi\("hin& eac~ unit ,eng!h 01 mole 
urain is gi Yen by 

Q Inolc = 2 Tl ktjl (07 -tJ~) / td2.d7 - dl.jj') . (91 +92) , .. (J I ) 

Also. from Eq. DJ), the discharge reaching each unit length 01 tile drain 
15 gillen by 

• .. ()2) 

NJ\ lURJ\L Dn 1"INI\G DISOIARGI; 

Tt-oe di5charr,e crossen!/, ct-oe interface (Sl) "to the ~a.r\d ac;uifer may be obtalned 
as follow 
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Vsl :: ~L « sinh ~-[--11 J ( sin' -~[~ .. 5inht _r:{} __ » 

.. 2-r=- *« sinh ~-IE!~~) J ( sin] _-:_1!_Kx:.[~t:_!:l~ .. sinht _:c..!I?[!.~L_ » 

n 
.. f!I-tt'I!« sinh ~.1'!!~~!) I ( sin' _~H!~L:!:_~l .. sinh' _:.c.!I?_:_~L_» 

L I L L- L 

- U ( 3 3 ) 

The mllximUtn verttcOlI lIelocity is ilt pOlllt (E) 

VE :;: ~~~-. _~!~J? __ ~_~~ .. ~-~--
2 L cosh'( n: Dill 2 L 

~(' Lrc(n .. b) .,n:((L12.e)-na) ,Tt(D+b) 
L..... ( Sinh -----------) I ( Sin - ---------- + smh --------» 
o L L L 

m n 2 (D b) . , rc «L/2 -e) -ria) .. TC--- I: « sinh --!l:.-[--:---l J ( Sin -------T------ + Slnh' 2~~~::_~·:::.!. __ 1 
o 

.. _I!l_It __ I:({smh ?_rtJl?_:_~l ) I ( sin' _:r!;ml?:<:L~:_~~ .. sinh' :!!._I9_:_~L» 
2L ILL L 

- U (34) 

The minimum lIertical lIelocity i~ at point (G) 

V :;: -~-~·(sinh 3-~R.l J sinh2 ~_9)] 
G 2L L L 

.. ~,rt i: «sinh _L'!.t_~~_~_.!'L)! sin2 --r:t-t:-~-:C~~) * sinh2 !':.L~·'c:':-~t)l 
<.\ 
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-U 

U may be c:l.Jculated [rom equation (19). 

The vertical velOCity across the line 51 may be obtained 
as Yay = (YE + YG)/2 

(5) 

(36) 

The natural seepage disharge Q5 crossing a dIstance L of tile interface S i bet ..... een sand 
and cia y maybe ca1cu J a led as IoUo ..... 5 QS =' L ,.I Y a II \ 

SPACING DESIGN fORMULA 
The free ... a ler surface may be assumed nearly a horizonlill surface. The raIl'. of 

drop ,,{ the wafer surface may be taken equal to the drop at pom! A. Therefore, the 
rate of crop o[ the water surface may be written a~ foUo"" 

dH 
n 

~'ile" 2 N Qmole + Qs 
----- ------jl--~-L --- --- -- (J7l 

Also, the spacln g Desl ~n for mU La may be e)( p rc ssed a5 (oU 0 w 

a.. \ +2NQ 1 +Q 
~I I e mo e ~ 

L , ---ji-.- {<lFiTa iT--- ---- OS) 

Numerical Example 

The /ollowlng particular are taken from iI fypical area m Egypt: 
D=l').Om j hs=I~.Om ;Ho=2m;d=0.lm~~=O.lm/dar: and,u=O.03 
we proceed to shotY how the abOlle deSign 10rmuJa3 may be applied to design an ordinary 
tile dramage s~'5tem accDrdlng to Hanllnad and Hothoot's equation (t. ) and a tde drainage 
a3slsted by mole drainage anc na tural drainage according to eqlla lIOn (38) 

for Ihe ordinary tile drainage system. 
{or a (irst trial assume L " 65 m 

Q
Tile 

= O.lg86532 

Qs ~ 0.3127494 

T =2days h:0.5m 0.25 

66.85 m 

Therefore, the deSign spacing is taken L ~ 65 
for the present 5)'stem 

for a [irst (rial as~ume L " 110 m • N = I J, b 0.8 m and e 0.2 m 

Q~i\e = O. 150~ OS2 

Q moJe= 0.00572526 

Qs O. 52~ 2479 

T " 2 days h ; 0.5 m 

a." j 2.N.O I 0 
~ll e • moe • 's 

dH 

L -------:u--:rcf"Hlcn-y- -----._- ~ 

~ 109.M m 

0.3 

'1 
" 0.2.5 

0.1204082 + 2 x 13 x 0.00572526 .. O. ~242479 
------ --- -6:6j-i-1).i-S--.. _·-------------- -- -- ------ - " 
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Therefore, the design spaCing is taken L II D.D 

CONCL.USIONS 

Nelli rqrmulas (or a tile drainage sysrem assisted by a double 'T\ole 
drainage sysrem and narural drainage is studied in this paper. The compler. potential, 
the velocity pOTential and stream functions are derived. Mathernatical solutlon \IIhen 
cheeked by applying thc velocity formulas, i~ lound to satisfy boundary conditions. The 
discharge formulas for tile drains. mole drains and nil tural drainage are esrablished. USing 
double mole drains and inHoducing the natural drainage eftecl as well .. s tile drainS 
increase tile drain spacing Which means more economical designs. Finally a nCIII 
spacing design formula i~ concluded and an actual field problem is numerically sol"'ed. 
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NOTATION 
The {allowing s~'mbols have been adopted for use in this pa~er: 

a = spacing bel\lleen 1"'0 successive mole drain3; 
b = vertical spacing ber\llcen lines of tile drains and mole drains; 
d "drain diameter tor both tile and molt! drdll\~; 
D "depth of clO!lY layer below tile drains; 
2e = distance between TWO mole drains in one parr; 
g = acceleration due to gravity; 
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ho ': piezometric head of sand and gravel aquIfer; 
H ;; height 01 water table above lile drains at the mid paint between two suc:cenive' 

tile drains; 

i ",/:T: 
k = Hydraulic conductivity of clay; 
L • spacl!\g vetwee!\ lWO ~uccessl~e ~ile drains; 
m : strength ot a po:nt sink lor mole drains: 
M ;; Slrenl1.th of ? paint ~!nk lor Tile drLlins; 

N ~ L/a : a~ add number 
C\ ;; ( (L/a) - J) / 2 ; 
P ~ pressure ar any general point (x • .,) ; 
Qm di5charge reaching each unit length of mole drains ; 

Qr c"ischarge reachlrg each unit length of tile drains ; 

u : velocity com?O!\enl in the )t - direction 
V "\!eIOCH, component in the y - direction 
'II cornplex potentia. '= ~ • i<P 
x,y ;; coordinates of an, point in lhe IJeld of mOtion 
1. - compleJ< number. }( ,. iy j 

cp = IMe v€ laci r)' pO~eJ1 ual ; 
q> the stream function ; and 
[> w~ter density 


