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ABSTRACT- The author presents in Lhis paper an apalysis ol a tile drawnage system which
5 assisted by double mole drains. This is in the case cl the vertical downward seepage
of rain or irrigation wacer to the above system in a heavy clayey soil underlain by a
pervious sand aquifer of relatively tow piezomeiric head.

The problem 15 ireated mathemaucally using the theory of complex f{uncuons
ard the theory of images. The complex potential, the velocity porential and the siream
funcuion are established. New discharge formulas lor tile drains and double mole drains
are derived. Also, functions f{or velocity components at a general point in the flow field
are decived. Finally a new design formula is concluded and an actual fieid problem is
numerically solved,

1

INTRODUCTION

The need 10 keep productivity of agricultural soil led over a century ago to the
use of subsu-face drains properly spaced and dimensioned to Rive periect centrol of the
suksoil water level. Generaly, sybsurface drainage system is extensively used for draining
agriculzural jand to increase land producrtivity and to save existing culnvated areas. Toe
covered drainage system is regarded as the ideal system f{or drainage. It secures «h
maximuey benefit with the minimum cverall cost. The most important systems of covert
drains are tile, plastic and mole drainage systems. Mole crain system s the cheapest a
the simplest means for draining agricultural lands.(%2 & 3)

In the present paper, the probjern of a tile drainage system wruch is assistec
a system of double mole drains 15 treated, (or a clayey soil underlain by a sand ec
ol low p.ezometric head and high hydraulic conductivity. Figure (1) represents the geo:
of the problem.
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MATHEMATICAL MODEL

The {low pattern may besimufated by assuming a vertical downwara stream,

U, representing rain or irrigation water past two cows of drains. The first row consists
of an infinile number of equidistant double mole drains represented by equidistant
pacrs al sinks each having 3 strength equal to m. The second row consists of an infinite number
of equidistant tile drains represented by equidistant sinks, each having a strength
equal to M. The system of lile and mole drains is installed as shown in figure (1)
The spacicg between tile drains equals L. A pair of mole drains is placed abowe eac»h
tile drain at a vertical distance equals b. An even number of mole arain pairs is
located in the distance L, where the distance betwecn two successive pairs equais a.

Trom: ligure (1} the qompiex potential. for a-downward vertical stream s
wIs-|UZ. D)
The complex pctential of am infinite number of tile drains is given as (ollows:

-

w2 = MoIn sin It-L‘-'-. e - (2

The complex potential of five double mole drains {or one tile drain with

the tame specing is given by

Wizm.lnsin-{z-e-B)em.insin T (z)e-ib
« m. In sin Jlt.— (z ~(a-e) -ib) +» m . In sin ~ T (2 - (ase) -ib)
L
PN NN OO -'EL- {z + (a-c) ~iby 1 m . In sin ,‘E_(l- ¢ (we) -h)

+ m . In sin —EE (z - (2a-e) -ib) + m . In sin -T-IL- (z - [2a+e) -ib)

+ m . In sin -'E- (z + (2a-e) =ib} + m . In sin -TE- (z + (2a+re) -ib) R

The complex potential of this system 1s ’
W Wl W24 W3 )
Putting Wy in a geaeral form and substituling for 2=x+iy, where i= -1,and simplitying:

where

W=M.tn [sin mw/L ,cosh mY/L « 1cos mx/L.stnb Y /L)
+m ﬁm[ sin m (x + (na + )L . cosh  t{y-b)/L +icos mix+ na-e)/L
= . sinh wWly-b)/L]

v m ﬁlu {sin w (x ~{have)) /L .ocosh  mly-5)L - ) cos {x-{nascHL
Q) . sinh @ (y-b)/L]

+m finlsin wixt{pa-el/L . cosh w(y-b)/L + 3 cos T (x-(na-e))/L

I . sinh  wW(y-p)/L

+m Z";In [ sin w(x - (narell/L . cosh T (y-b)/L + icos mix-{na.el}/L
1 . sinh  w{y-b)}/L

- iUXslyY RN ¢

n=(Lfa-01/3
L/a=N = an odd number

Considering w = ¢ + 1y , where ¢ is the velocity potential and ¢ is the

stream {unction, and separating real and imag:nary parts in 1ne above equation we

have:
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$ =+-*;--In[sin’ n xJL . +sinh? T Y/L]

» TEIn[(sin'  rlbee) - nal/L + sinh ? T{y-b)/L) . (sin® w( x-ed-nal/L
o « sinh? w(y-b)/L}]

+ -';-E"In( sin? m {{x+e)} + na)/L + sinh ? 1t (y-b)/L). (3in’ m ((x~€)+na)/L
1

+sinh ! w(y-b)/L)]
+ Uy ... {6)

¢ = v M ran! {cot mX/L . wanh  mn (y-b)/L)

ry

w i [ (:m‘I (cot @l{xsc) -~ na)/L  .tanh - (y-b)/L)
o
o tan” fcot .m {lx-e) - na)/L . tanh y{y-b)/L)]

+m ﬁ[(an'l {cot w ((x+e} + na)/L . ranh ¥ (y-b)/L}
1

. tan-l (cot T {(x-e) + na)/L . tanh W (y-by/L}]

-uU X oa . (7)

YELOCITY CONSIDERATIONS

{2)
The veloccity components u and v at any point In the flow [ield are given
by:

u=-3ad/ o» e (8)
v= - ad')/ay .. (9)

where u and v are the velocity components in the x and y, respectively.

Differenuaring Eg. (6), partially with respect to x and y, and simphfying we get:
u=- Mm /2L ((sin 2 mx/L) / (sin®* mx/L  + sinh? ny/l)

1]
- mn /ZL%: (( sin 2  (( x+e)- na)/L) / (sin? ¥t ((x+e) -na) /L
+ sinh® w (y-b)/L)

mx /2L y> ((s5in 2 T ((x-e) - na)/L) / (sin?  ({x-e) - nal/L
o ¢ sinh? t (y-d)/L))

mm /2L £ sin 2 T ((xe€) + pa)/L / (sin? 0 ((x+e) + nal/L
' v sich?®  (y-bY/L

m r /2L ¥=(sin 2w ((x-e) + na)/L) / (sin? ® ((x-e) + na)/L
I

+ sinh? T (y-b)L e (10)
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and
vz-Mmr /2L (L sinn 2 wy/L)/ {sin? © »/L +sinh? o y/L)

mn 2L i((sinh 2 1 ly-0d/ (sn? o ((uved-na) /L + sinh 2w (y-bY/LY)
[a)

m /2Ly ((sinh 2 ® (y-b)/L) / (sir® w ((x~e)-na)/L + sinh ? T {y-b)/LY
0

M T /2LES((sinh 7 miy-bY/L) / (sin? T ({(x+e)+na)/L + sinh 7 T {y-b)/L
1

N
m 1 2L isink 2 W(y-b)/L) { (sin? T {(x-e)+na)/L + sirh? I {y-b)/L)
l

- v RV

From £gs. {10) and (11} the fiow velocity at a general pont {x,y) cun be
obtained. At x=v and x=L/2 the horizorta! velocity component, u, is zero which s
tte condinton for the vertical lines 1G and FC to be !ines of symmertry.

DISCHARGE FORMULAS

. . (2&7)
The equipotential funct on, ¢ » may bc written in the following form

¢:k(-_E’_-+ y) c .. (12)

whera k is we hydravlic conductivity of clay, p is the gauge pressure,p is the density
of drained ~ater and g 1s the accaleration due to gravity.

Applying Eqs. (6) and (12) to point A {L/2,H), figure (1), we obtain
K.H= « -Ed- In cosh? mH/ L+ m.In(cos® fme/L +sinh ¥ 1 {H-D)L)
em&=inlzos! m(cemalil + sinh? W (H-BYL )
|

»mP=in [ cos’ T (eenadL s sinh® W (H-BYL] + UH ... (13)
!

Applying Cas. i6) aad (12} 10 >2int B ‘0.0, -g- ), we get
k. g— = 4 -}1— . In (sin h? T-;g-l_) +m. In (5in? e/l s sinh?  w (d/2-b)/L

A
ym)l o {an? W {eina) /L ¢ sinh ! T (4/2-b) fL)
l

D

s M2 lndsn? w(c-na) /L ¢ sinh ? T (¢/2-b)/L + U g- L)
1
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Applying Egs. (6) and (12) to point E (L/2 , - D), we have
k (ho - D) = -r;‘- . In cosh? ILIF +m. ln (cos? @t e/L + sinh? n ( D+b)/L)

+ m3in {cos' m(e-na) /L + sinh? w (DeB)/L)
1

»m ﬁ;ln (cos! Terma)/L + sinh? m (D+b)/L) - UD ... {15
l

Applying Eqs. {(6) and (12) to point C (e , (b+d/2) ) , we get

k (b+ -g) =« —g‘— .In(sin? we/L +sinh? wibed/2) /L) + -(;- .ln(sin* 2w e/L
+sinh ! d/2L) - (sinh? x d/2L)

n
+ _|2n_ 3 In (sin? w(2e-na)/L + sinh ?  1wd/2L).. (sin’ (-n 7 a/L) « sinh® mdf2L}
|

n
- -’2“- 2.In (sin? 1wt (2esna)/L + sinh * 1t d/2L) . (sin' w na/L + sinh? wd/2L)
|

+ U (b+d/2) ... (18)

The above equations may be rewritten as f{allows:

KH :|\|Sl + mi;2 + UH ' ..“7]

K df2 =AMB) + mty + U df? PR T3

k (ho - D) =MB5 + m& -UD L9

k(b +df2) =MB7 + m8&3 + U (b.df2) caa(29)
where

&1 = 1/2 . ln cash? TH/L

52 = In{ cos™ me/L v sinh?  w(MH-b) /L]

n
+ 2o In{ cos’ wle+na) /L « sinh* T(H-b)/L ].[ cos’ T (e-na) /L
|

83z /2. In sinh® wd/ 2L + sinh” 1t (A - b)/L]

S4=ln [ sin? mefL + sinh? p (d/2 -b) /L]

+ nE In( sin? ™ e+na) /L - sinh? ® (d/2-b)/L]). [ sin? T (e-na)/L
l +sinh? T (d/2 - b)/L ]
85=-1/2.1In cosh! w D/L

"86 = In[cos’ welL - sith? n(D«b)/L ]
n
+ Y In[ cos®* we-na) /L - simh? mw{Ds+b)/L ). [ cps? wle-na)/L
1 + sinh ? (D+b)/L]
87 = 1/2. In [ sin* we/L + sinh? n{b+d/2) /L )

68 = If2 (n[ sin® 2we/L + sinh? md/2L ].[sinh? wd/zL ]
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n
128 In{ sip? n{2e - ra)/L 4 sinh * X d/2L ). [ sin? 1t na/Larsinh? | 6/2L
1

. 12 oIn (sin' ®(2ena) /Le+sinh! n d/2L]. {sin® [ na/L + sinh?  md/2L)
|

Subtracting Eqa. (18) , (19) and (20) from Eq. (1?)

k (H-d/2 = M (B1-53) + m (B284; « U(H-c/2) .., (20)
kHEH «D-ha) = M (BL-55) « n (§2-66) + UH+D) .. (22)
k (H-b-d/2) = M (Bl-57) + m 82-68) » U{H-b-d/2) L. (23)

The above equarions may be rewritren as [ollows :

kH! = MYz .+ mB3.ybl 29
kB = MY5 s mUs « U7 L. (29
k88 = MH9 - mDio+ YO8 .., (26)
where
U1 - H-d/2 D2 =bl -§3 vl =62 -64
B4 = H+D -ho nj=-gl-595 Oé:=62-66
d? = Hs«D 8 - H-b-d/2 gy =61 -67
g0 =62 -68
Climmating U between Loy (24) and {29), cud solv ng for AV and 1, we gel
M= (kgld7c4)czy7 -0182) -m (0397 -01Y6)/ ©2H7 ~Tl35) ... 127)

Eliminating U between Egs. (24) and {26) and solving for M and m, we get
M:m @IlBl0 -g308) / (B233 -01g9d) > . (28)

subrracting Cq. {28) .rom Cq. (27), we have

m: kol (07 -p4) ! B237 -olB5) . B -82) ... (29)

M : kol@? -y b) el / (Yo7 - di85) . (3] +82) ... {30)
where

Ol : (DLW -0 3B/ 2038 -D1D9)

92 - 0387 - 81186 / @207 - B1.85)

Therefore, [rom Eq.(29), the discharge reaching eack unit .ength of moie
drain is given by

Qtnale =2 w kYl (87 -04) / Qw7 -olos) . Bl +82) .. 3D

Also, from Eq. (33), the discharge reaching each unit length ol tile drain
13 given by

Q Tile = 2 w kdl (37 -WHLAL { &287 -8l35)OL +0 2) ... (32)
NATURAL DRAINAG DISCHARGE

The discharge ccossing cthe interface (SU) to the sand acuifer may be abrained
as tollow
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vsl =§"—’E « sinh Z-E‘-H / ( sin? -’3[3( « sinh? XD )

n
SO S sinh 2RO ) (gpr cEleed 20D s OBy
L' % L L

n
S s{l s;nhZ-B.ﬁLD:'el, J (sin? _tt_ﬁm)t:_oel- v sinh? ®O2D0__y

+T—E-Iﬁ(( sinh 315,(:':)1?2) / ( sin’ --"Eﬂ!:El_t-’_‘?l + sinh? D222y

L 1 L L L
-u (33)
The maximuin vertical velocity is at pont (L)
. n 4
VE = MI_ sith (2 nD/L mw DIN( sinh2-rul_3.:.?2_) /¢ ﬁjnrf‘ﬂl:[ztﬁlinf)smht
2L cosh’(m D/L) 2L o L L
n
+ _";_E‘__ Z(( sinh 2_{‘_%@_:_’5}!) /( sin? _E‘_iﬁ':LZE:‘E!_ﬂ& sinh? f‘_@_E_QL-))

o

A
o« TS sink 2002 B) g U2 i) RO )
2L | L L L

n B
s OIS (s 2RO D)y (e TRUL/Z:0) e na) e D2 D),
2L 1 L L L

- U (34)

The minimum vertical vefocity is at point (G)

v M inn 2D ) sinh? BD )y
2L L L

G =
n

+2Er_’52 (( sinh 2.1‘.!%..1-?2- )/ 5]n2 -.B.Ee_-:_[‘.a.) + sjnhz -F.QQL.’_-':.’). )
[¢]

n
» mi‘}_ Z ({sinh -Z.F_(.D.L_t.bl-) 7 Sinz __t(_(':_g_:L_Q_a_) . 5inh2 f‘.!.I_JE_t_b_l))
[

+ m;l. tl:(( sin ~_2_I‘_!_D_Lt-b) )/ sin’ --__TE(_?-i]:P_a_) + sinh? _-_"E@_:;._.b) )
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S Z((s nh --_-S.D_t L _E.ﬁ:_ﬁ_ftD_afl sinh? -Il.f'?_]__t_b) )

+ = ‘--

-U (35)

U may be calculated (rom cquation (19).

The vertical velocity across the line SI may be obtained
as Yav = (YE + YG)/2 (36)

The natural seepage disharge QS5 crassing a distance L of the interface Si between sand
and clay may be calculated as Iollows QS = Ly| VYav

SPACING DESIGN FORMULA

The free water sur(ace may be assumed nearty a horizontal surface. The rate of
drop aof the water surlace may be raken equal to the drop at point A. Thercfore, the
rate ol arop of the water surface may be written as follow

dH Q11 +2NQmuIe+Q
2= el - (an
dt s L
Also, the spacing Design formula may be expressed as (ollow
L .?Iiie_f z_f?msﬂ_e_f_.?.ﬂ_ (38)

Numerica) Cxample

The lollowing particular are taken from a typical area in Egypt:
D=150m ; hs=140m ;Ho=2m;d=0.1m;k=20.1m/day ¢ andp = 0.03
we procecd to show haw the above design flormulas may be applied 1o design an ordinacy
tile drainage system according 10 Hammad and Hothoot's equation (4 ) and a tile drainage
assisted by mole drainage ana natural drainage according 1o equation (38)

For the ordinary tile drainage system.
for a first trial assume L = 65 m

- |
Qrile = 0-1886532
Q, = 0.3127494
- . ¢H _ b 85 .
T = 2 days h=05m B s S = 0.25
. L QISR e 0NTMM oo
N ISTRGIVET) T OTTTTTRI0Y T} T0:23 T

Therefore, the design spacing is takenl = 65
For 1he present system
for a first crial assume L = 110 m , N =13, b=08 mande =02 m

Q.

Tite = 0:1504082
Qpope’ 0-09572526
Q, = 0.3242479

_ dH _ h 0.5 _

T = 2 days h=05m g Tt Ty G 0.25

L = ___?yy_g__. '3_"_\4'_8_m_9£e S _ . 0.1206082 + 2 x 13 x 0.00572526_« 0.5242479
= L TdRIEd Y - 0.0 x0.73 ‘

= 102.80 ™
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Therefore, the design spacing it taken L = 110.0

CONCLUSIONS

New formulas [er a tile drainage system assisicd by a double mole
drainage system and natural drainage is studied in this paper. The complex potential,
the velocity porennal and stream functions are derived. Mathernatical sefution when
checked by applying the velocity formulas, is found to satisfy boundary conditions. The
discharge formulas for tile drains, mole drains and natural drainage are established. Using
double mole drains and introducing the nratural drainage effect as well as tile dcawns
increase tile drain spacing which means more economica! designs. Finally a new
spacing design formula is concluded and an actual fieid problem is numerically solved.
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NOTATION
The {ollowing symbols have becen adopted for use in this paper:

spacing between two successive mole drains;

vertical spacing berween lines of tile drains and mole drains;
= drain diameter tor both tile and moie drains;

= depth of clay layer below tile drains;

= distance between two mole drains in one pair;

= acceleration due to gravity;

o
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piezometric head of sand and gravel agquifer;

height ol water 1able abave tile drains at the mid paint between two successive'
tile drains;

=v' =) 3

= Hydraulic conductivity of clay;

SPACINE DETWEEN Two successive tile drains;

= strength of a po:nt sink for mole drains:

= strength of a paint aink {or Tile drains;

L/a = an add number

(L/a)-N/2;

pressure at any general point {x.y) ;

discharge reaching each unit length of mole drains ;

3
u o

TR zx3Irx-
1

Mot

2

= Cischarge reachirg each unit length of ule drains ;

O O
—'
1

velocily component in the x - direction ;
velocity component in the y - direction ;
complex patentia, = « i@

coordinates of any point in the lield of mouon ;
complex number : x r iy ;

the velocity portentizl ;

the stream function ; and

water density

~
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