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ABSTRACT - This paper presents a theoretical study of the viscouseffectsin supersonic
air flow on a flat plate with [inste thickness and sharp leading edge. The physical problem
is given and the solution considered is based on suitable asSumptions. These most important
assumptions are that the flow is steady, two-dimensional, compressible and the perfect
gas law is applied for simplilying the equations governing this problem to be solved analyt-
ically. Moreover, the effect of the pressuregradient due to the leading edge angle is neglected
The change in the value of the Mach number is investigated. This investigation leads tc
a result that the Mach number has the major effect on the local skin friction coefficient
c¢ and the achieved wall temperature, Ty. Also, diiferent boundary layer thicknesses depenc
mainly on the fiow velocity.

Finally this study can lead to suggession about the expecied type and propertie:
of the material to endure the thermal and shear stresses resulted as effect of supersonic
flow on the flat plate.

A computer program is consttucted for the numerical analysis of this problen
In BASIC languge.
NOMENCLATURE

a speed of sound, {mis)
C constant depending on the size of the. melecule
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2 velocity at the outer edge of boundary layer, {mfs)
Coy free stream velocity, {m/s)

cf local skin friction coelficient, TW f 142, PC-Z )

Cy velocity of the fluid inside the boundary layer in x-direction, {m/s)

Cy velocity component inside the boundary layer in y-direction, {mfs)

Cp specilic heat at constant pressure (I/kg..K)
Cy specific heat at constant volume, ' (/kg..K)
i iocal enthalpy, (3/kg)

k thermal conductivity, (W/m..K}
P free stream static pressure, (Nfm?)
M Mach number

g recovery factor

T temperature, {K}

Xy ¥ cartesian ceordinates

GREEK LETTERS

o angie of attack,
3 ratio of specific heats, (¢, ! ¢yl
d boundary layer thickness, (m}
o2
G dispiaceinent thickness, f (- € /ch dy (m)
e}
L -
Jrx boundary layer mementum thickness, (cx,fﬁ {(1- c, / c)dy {m)
o
5 leading edge semi-vertex-angle, {degree)
B angle of Mach line (degree)
1 dynamic viscosity, (kg/.s.m}
¥ kinematic viscosity, (m?*/s)
p mass density, (kg/m?)
A shear stress, (N/m?)
= dlssipatien function
a function of 7
DIMENSIONLESS PARAMLETLERS
cy /T = £
j = ifin
m = uf ug
r = of op _ )
Reg*+ momentum thickness Reynolds number, c.0#**/»
Pr Prandtl number, (W/a thermal diffusivity m?/s]
SUBSCRIPTS
oo upstream of the plate
n regions }.....%
o condition at 0 °C
W wall

INTRODUCTION

The problem of the viscous effects in supersonic flow {air) past a flat
plate with finite thickness has gained a significant importance in recent years.
The siudy of the previous work in the field shows that all practical and theoretical
studies do not consider the effects ol the wviscosity on both sides of the flat plate
in their analysis.

The problem under investigation may be reduced to the problem of finding
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the steady flow over a [iat plate. A general method for seliving the laminar and
turbulent boundary layer equations for three dimensional {low in cartesian coordinates
is introducd by Douglas Cebci [i]. The accuracy of the results depends on the
accuracy of the numerical method and the accuracy ol the modei for the Reynolds
stresses,.

The results of a detailed experimental study of velocity and temperature
profiles, and also the skin friction in a test section of a low turbulence wind tunnel
are presented by Kohn Kin and Shapovaiov [2). The experiments were carried out
with values of Reynolds number, Regxs, ranged from 0.5% 10% to 7.7 104 and Mach
number equal to 2, 3 and 4. A miniature balance was utilized te measure the skin
friction in larmnar and turbulent flows on a flat plate at M equal to 2 and 3 and
ditferentReynclds number.

S.L. Gai (3} showed that {for a flat plate of finite chord inclined toan
incoming supersonic stream, the separatlon polint on leeward slde depends on the
Mach number, Reynolds number and angle of attack.

A theoretical study for temperature distribution across the boundary
assuming a linear absoluie visCosity temperature relationship, constant specific
heat and constant but arbitrary Prandil number was suggested by Radkiewicz and
Skiepka (4).

The main objective af this study is to analyze and evaluate the viscous
effects in superscnic flow past a Ilat piate which has a sharp leading edge at
different values of Mach number. The change n the f[low parameters occuring
due to the chock wave at the points of intersection of iwo planes has been
investigated.

The study is based on the eguation of steady motion, two-dimensional,
compressible and laminar flow. On these assumptions, a mathematical model has
been formulated to sclve the introduced problem without aifecting the main line
of the solution.

Z-ANALY3SIS

2.1- The Physicnrl Model

To have a clear imagination about the analysis ol the problem, a schematic
sketch of the flat plate is presented in figure 1. From the geometry of the leading
edge of the, flat plate at the points ol conjuction between the inclined and upper
surface,therdcritical zone. A discontinuity of the llow parameters happens at Lhat
point. An assumption is Intreduced to overcome this obstacles This assumption
considers the inclined portion ab of the leading edge as an extension to the upper
surface of the [lat plate, which equalsto:

Ly ="we
It is clear from Fig. 1 that the lower surface (region no. 4) has no peoint of
discontinuity because it is completely fat. The change in the flow parameters on this
surface is compared with the same parameters under the condition on the upper surface
(region no. 3)

The evaluation of the {low parameters under investigation will take place

for the 3rd and 4N regions at the surface
of the plate only, i.e., at | = 0. This choice is based on the fact that the maximum
values of cpand T (T = Ty) happen at ‘the plate surface. Moreaver, the values

of these parameters at 7 = 0 will affect the design of the flat piate, i.e., the
material of the pilate will be selected to endure the thermal and shear stresses
as a result of the effects of supersonic flow.
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) So, the problem here is to investigate the change of these parameters
with the change of the Mach number.

2.2- Postulate Assumptions

The postulate assumptions suggested for this physical problem are:

i) The maximum deflection angle of the flow over the body together
with the minimum value of Mach number arechosen to give a shock
wave on the body.

i) The boundary- layer equations are assumed to be applicable up to
the point of separation.

i} The air flow is assumed steady, compressible and perfect with constant
specific heats.

Iv) For air flow, Prandt] number "Pr" was found to vary wlthin small
limits around the value of 0.7 for the temperature range between- 20 to
1000°C |5 , 6. So Prandtt number is taken equal 0.7,

v} In the case of air, as shown by E. R. Van Driest {7], it is possible
to use an interpolation formula based on D. M. Sutherlands theory of
viscosity. This can be written 2s [ollows: -

C+ 7T
Moo o T o
}JO To C+T

where y denotes the viscosity at the reference temperature TO, and
C is a constant which for air assumes the value |14 K.

vi) The velocity and temperature prcfiles at different values of x are
similar to that foc = { (’2) and &/ dx = 0.

2.3- Mathematical Description
2.3.1- Basic Equations

The governing differential equations consisting of mass, momentum, energy
and equation of state are described as :

Mass conservation

d(p.c ) dlog.c )
_____ LA SO s A 0 . SAE)
dx 3 ¥
Conservation of momentum
R UL T LA 35 L@
§ % ¥x PSSy TEY T R T Ty KRy
Conservation of energy
dc¢ 2 ;
i 5 dp L3 3T, ., X (3)
9 S vk TSy TEF TSk 3w P &y (M-S ay) tp sy
Equation of state
F'-?.R.T Ce e i)

L.Crocco; [9] ; discovered quite eariy a transformation which simplifies
the task of integrating the equations f[or the cases when either (]) Pr = I, and
the viscosity function u (T} is arbitrary, or (2) when the Prandt! number has an
arbitrary value but u/T = constant.

In the special cases of an adiabatic wall with Pr = | Crocco's transformation
reduces the compressible boundary-layer equations to almost the same form as
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that valid for incompressible flow.
Using this transformation in basic equations leeds to :

Conservation ol mass

o olees) oy Rlpeed Rlgie) @
' R ok TR f "“bé'x -7

Conservation of momentum

Dy YA
- ? . Cx ‘8-)(-- + ? . C}' = —-6‘6; IR (5)
Conservation of energy
RYARE i RYER:
-ai' E TR ";;"’Z - Prp sy %E = 0 SRR
x
Te eliminate 9-< fremi equation {8) and (5} diflerentiate equation [5) according
to ¢ and equate ¥ (?.cy),‘a ¢, Irom both. In tcoducing .6-3.;;- - )E.- v then:
H
T, ¢, - ??-i-?)f-i.@- 0 D
dc? D x
X
and
b 1 bf — .BZ ] ! - s b
{1 -Pr )5-5_ e 2 { Pr+ -‘é“; W~ pr. 9 P wyC P )]
X <

Equation {7) ang (8) represent the diflerential equations of the boundary layer
in the reduced form. From these equations it is c¢lear that the unknowns are reduced to
'iI' and 'T ', [t is to be remarked that all gas properties can be achieved once 'i* is known.
The enthalpy i together with the pressure defined in a unique manner any gas property
can be estimated [3L

Using the assumption stated belore that %_“ = 0, and asswning a solution
in the form :

T =pix) . tlc)

Substitute in equations (7) and (8) . then:
1 ™

"33 - = -é.)']lé_ (9

and
2 AT
b il{1-Pr) i . tar(isPedl] =0 o (1)
Each side of equation (3) is a function of the independent variable gand { , so
P ; . _ _constant
-y = constant, with gz -Te-rooma-- -

There is no toss of generality if 1t is assumed Z = { {x) /{/ 2x, and substituting in equatlons
(9) and (10} it yields ,
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l.[--:cx.)),}b, e f1ka)
and
(I-Pr)i‘.f'&(|“ r-!’rJ.f_-O ... {1l.b}

Introducing the dimensionless relations :-

oy .
z:--{(,j=L-,r:-P-,m=&,
n 'n Pn Fa
2
2 . <y 2
F (‘1) = gfmmmnmn, 5 - flc.)) , and the relation {or ideal gas - = {(8-1.M°,
_— ® ] n
PR
where n = I, 2, 3, 4, the equations {1 1l.a) and {11.b) take the form :
F.E St 2rl.r.m:0 N -
ang
N . 2 &
(b-P)i  F o .Pr.(a“-l}Mn]ho ... (12.b)

subject to the boundary conditions

at =0 F =0 j:1

-

1=1 F

With these relations the shear stress at the wall (‘Z: 0) can be written as follows:

W

W

] j= i

"< | 522 _F ()
w § \"'—-"
Re
X
Gr
< = Lo v co 013

Introducing the viscosity-temperatuce relation , [m = }_u.f TN (T / Tn)\"r ], and 1deal gas
condition inside the boundary layer in equation {12.a) , it vields
F.F"Jr?”-J(W-l):O oL 1da )
L
or

FlF” + h ()li

L1}

0 e Ulsb)

where : h ('l) - z,lrm . z.l }(w - 1)
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The iterative method lor the solution ol such equation runs as {ollows,

Devide equation (14. b} by F (Z} and integrate twice o get :

F()-f fF - 4714y co s

Startmg with an arbitrary function F for Fand introducingit in the right han side
of equation (15}, a function F, which is another approximation for the function F. Using

the geometric mean | F, F, or arithmatic mean 2 (F + F ), a trial and s¢ on.
A. D. Young [10] proposed to use.
|
F) & F . 07 16

Hence this gives.

L1
. 2o
F{Z)-'lftl s I)de)dz L7

In particular s

F (o) = J' f le') dy ) d coo1g)

205

Simpson,s method is applied te get the value of 'the f{irst integration in the form of
function ot 'l, tc be able 1o evaluate the value of F {0) as a numerical quantity.

Soiving for the cese 1 w = 0.76 , ¥ = .6 and P_ = 0.7, 30 the f{irat integration takes the
form.

2 -0.2% 2 2, 1-0.24
(1 = 01673 M (l-oz ) | 2001673 M° (1 -1 9)
E Al = f[ -_[ ............................. ? ........ v {.----._--____‘1 ..... Z_ S
(i -0.25 ‘1 ) 2,0.9

4y 19

So the value of F (o} is obtained numerically for different values ol Mach number (M ),
corresponding to each value of ¢{ and € and the {ree stream Mach.-number (NL’)

2.3.2 Calculation of Flow Parameters After the Shock Wave

A~ Catculation of free stream parameters in the 35-"-'l region

As shown n Fig. |, an attached shock wave occurs. A shock wave will be developed
at pownt "a"' when the flow changes its direction from region No. (1) to region No. (2) and
an expanded flow will follow durlng the chanye in its directlon from reglon No. {2) to

region No. {3).

Taking the values of the angle ol attack ®ranging from 2° 10 6° and the values of the
. leading edge angle © between U° to !0° and the values of the Mach number ranging from
1.5 to 3, then:
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Inside this envelope of parameters y attached shock wave equationsare applicable
in all cases.

B- Calculation of free stream flow parameters in the @m region

Again, referring to Fig. |, attached shock wave, compression shock at point "a"
and the flow changes its direction for region {1) to region (4} {lower surface). The same change
in angle of attack o is considered (2° to 6°) and same change in Mach number values {M )
ranging between [.J to

C. Calculation of wail temperature Tw'

In such case, the heat generated by internal friction cannot be neglected and the
energy equation (Eq. 3) can be used to calculatethe wall temperature Tw. Energy Egq.

?c i *?'CY? =CX§P *F}‘\“J' . CPE.’.-);,P (--- ¥ .. k)
% ox r oy vy vy

Prandtl introduced the transformations given in (6] as folliows:

1= 4 e 0y
and stream function :

v = weE M

which leads to the eguation

f('l)-I“(’L)*-[‘”(’L):O .. (20
And using the transformation

-2

1 C
1v 25 @)
where @ is a new function of "twill lead to the differential equation
= = s 2
e +Pr.£('1).e +2Pr(1 {‘l)) =0 ootz
-

The solution_of the eguation (21) after introducing the boundary conditions :aty =0, & =0
and y =00, © = 0,

is

o]

_ P e, 2-p
9‘7)=2‘°rf““‘?” (e Taapg L. (22)
L

The value of B at ’l: o for different values of F'r is given by the approximate relaticn
B )= u (p )2

The recovery factor is defined as

re = ¥l .. (23)
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Hence the recovery factor 1s equal 1o b/ 2 (o)
Since T2/ 2 ¢p = (T, - T, and
T
o ) ¥-1 .2
'T'I = b MY
50,
o :l+re).::-1 MZ 28}
T !
For air § = 1.4 and re = 0.34 , so
N I R

{ |

for regron No. (3) where Irec stream conditions outside the baundary layer are M3 and Tj. then
T

W= (s 0.168 M2 )
)

T
~ 3
|

_—

. (25)
D. Boundary Layer Parameters
The convenient form to evaiuate the different boundary layer parameters is the
assumed velocity distribution given by :

%&=[('L)=%’l-!22_3!or0£y&.5
n

L 026)
_is
whichjbased on the tuckness § being delined as that [or. which C, = 0.99 <,

This assumption for velocity distribution leads to results very close 1o the exact solution;
and at the same time the calculation is quite simple.

For this distribution

8 . 46 (27
X mx
Generally, the dimensionless displacement thickness is defined as
yfé =1
{73: I ()—cfcn)d(ﬂé:' oo l289)
y!f: 20 %
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The dimensionless momentum thickness is defined by a similar equation.

*

N |
S:If(z)[l-rtz]]dz oL (29)
]

g‘“‘:Q{Z. g

According to the assumed vejocity distribution the results of the calculation of the
boundary layer for the flat plate based on approximate theory, are

or

3 39
X =y and ¥ =5

3- RESULTS AND DISCUSSIONS

in order to be able to evaluate the viscous-effects of the supersonic flow due to
the variation of dillerent parameters, one parameter only will ke investigated considering
the other parametersto be constant .

The evaluation of this investigation will be as fallows :

{- Variation of wall temperature T, with the change of Mach number M, angle of attack
& and leading edge angle 9 .

2- Vvariation of local skin {riction ceefficient ¢, with the same three paramerters M,o and
€. All the discussionswill be for cnly in fegions No. {3} and (8).

™

I
Fig. (2) dtustrates the variation of wall temperature -TEU with the Mach number Ml'
1

It is clear that as the value of M increases the value of the achieved wall temperature

Tw"le increases remarkablely. It may also be concluded that the achieved wall temperature
on both upper and lower surface are approximately the same for losmaller the angles
of attack but Fig. (3) shows that there is a remarkable difierence in the achieved wall
temperature on both syriaces for higher values of the angle of attack.

From Fig. {2) shows the small change in the achieved wall temperature
with the change of the leading edge angle & for the same value of the angle of attack o
Moreover, comparing figures (2) and (3) it is clear that, as the value of the angle of attack
o increases the achieved wall temperature increases.

Figures (4 to 7) indicate the variation in local skin friction coeflicient ¢, with the change

of the dimesionless flat plate length x. Cbviously as the value of x increases the value
of ¢, decreases and the maximum value of ¢, is at the beginning of the horizontal part
of the flat plate (region No. 3). These figures show also for the same geometric condition
(certain and O) atacertain peint on the flat plate, the value of the local skin friction
coefficient c; decreases with increasing Mach number of the flow.

Comparing figure {#) with figure (5) » the change in the value of the leading
edge angle has a remarkable change on the value of the local skin friction coefficient. As
its value increases the resulting skin Iriction coefficient increases. A further comparison
between figures (4) and (5} with [igures (6) and (7) shows this change has a greater value
at Jower angle of attack. that
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Figure (3) shows that the change 1n the value of the angle of attack « has a
slight  change in the value of the gained c, this change is inversely.

The variation of the dimensioniess value of the § /L , & */L and § **/L over region
no. 3 against the change of the dimensionles vatue x (kX = x/L} are illustrated n Fig. (Y to 14
It is remarkable from the figures that with incceasing x the different boundary layer para-
meters increases.

From the same figures one may conclude also that for the same angle of attack
and the same leading edge angle O at certain point on the flat plate, the valves &/L , 6*/L
and 8**/L decrease withincreasing valuesof the Mach number.

The comparisen made through this group of ligures shows that the value ol boundary
layer parameters decrease as the value of the lzading edge angle increases.

The dlfferent boundary layer parameter f{or the lower surface are also illustrated
in Ligures (L3 ta 7).

CONCLUSIONS

The viscous effects of supersenic {low on a {lat plate have been analyzed theore-
tically., A computer program has been constructed to perferm the necessary calculations
and 1o study the ellect of the Mach-number on the viscous ellects of the supersonic [low.

The_results were obtained in the form of 2 series of curves showing the effects
of the change in the value of the Mach-number governing the problem. Generally, speaking
it was found that the local skin f{riction ccefficient ¢, and the achieved wall temperatuce
T, areconsiderably alfected by the change in the vajue of the Mach-number M.

Alse, it is found that the wvalue of the boundary layer thickness §, displacement

. * >
boundary layer thickness d » and the momentum boundary layer thickness g are con-
siderablly afiected by the change In the vaiue of the Mach-number.

) Finally, this study can lead to a f{inal count in deciding and chosing the type of
material which can endure the achieved thermal and shear stresses created on the [lat plate
due to the resuited effects.
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