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nomoqenoou~ 8011 yltn an Impelviou~ balller. The numer1cal solut10n 
reQuiles a very long computational time and a large ~torage capacity 
of the computer; 1n addJtion the problem~ of 'stabilIty and converg­
ence &houd be conslderd. Moreover the Gauss principIa of least constr­
aInt was used as an appropriate direct method for Bolving the linear 
and non-linear heat conduction problems [&1. 

The objective of the present study 1s to apply the GaUBS principle 
of least constraint to the infiltration from semi-circular furroYs 
and buried pipes Into unsaturated 90115 and to compare the results 
with those obtained by the ADI .ethod. 

GAl.l.a.S.. PRINCIPLE 

Ga~s5 princIple of least constraint Is a true mInimum prlncl~le 
applied in classIcal mechanIcs. It could be used to treat the non­
linear diffusion equation which qoverns the tWo-dimensional flow of 
water in unsaturated .!lolls 

'" I dlv (D(S) grad a)-

dlc(a) 

oz 
..••.....•. ( 1 1 ' 

wher e; a 
D(a) 
k (a) 

t 
Equac.lon 

08 0 

is the Volumetric moisture conten~ (cm
J

/cm 3 ), 
Is the solI water dlffuslvity (em /~in)J 
is the caplliary conductIvity (em/mIn), 
Is the time, 
Il)' could be rewritten as 

09"b da dl«8) 
- -- ( D(e) I + ( D I a ) I - a .... (1) 

dt '02 

Is the hor lzontal coordInate (em) I where; x 
7. 15 t),e vertlcal coordInate (postive doltnwdrds), (cm). 

The diffusIon analog of Gauss princIple expressIon [61 can be 
Yritten as follows: 

G " J 2 
[ P - a J dv, 

v 

where v is the volume engaged In the process of dlffusion, 
p a9/3t, 
Q div(O(ElI grad Ell - dkIS)/3z; 

( 2) 

P and Q are the temporal and spatial parts respectlvely. 
Let u~ seek a solutlon of equatlon (1) whlch belongs to a famlly 

of functlons with one or ~ore unknown para~eters. In each partlcular 
case the characteristIc complex of the parameters, whlch represents 
P or Q ~ust be identlfled and a ~lnl~lzatlon of the constraint G has 
to be performed wlth respect to one of these complexes. So the problem 
reduces to the algebralc minlmlzation of a polyno~lal wIth respect to 
SOBe ~oroplex of phy~lcal para~eters. 

In the followlng ~tudy the Gaus~ prlnclpl~ ls applled to the 
lnfllcrati~n fr~m ~eml-clrcular furrow3 and [rom burled plpes. 
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L.. :tHE. IHFILIRAIlQH mm:t E'OUALI,X 
SPAG£D SEMI-CIRCULAR E~aRQWa 

Figure (1) shovs the flOV ~edlum whlch 1s a homogeneous soIl 
underlain by a hori~ontal impervious barrier at some depth 2 from the 
soil surface. The vater source Is a eat of ~e~icircular turroys of 
r.ulus R spaced at r~qular intervals 2X. Due to the fiymaetry of the 
system, the so11 medIum can be divided into. r:ectanqular slabs and 
cenfine the solutIon to one s1ngl. sl~b, e.g. ABCDE t ,lnce there is 
no flow from Dne sl~b to the ether. The or:lg1n of the rectangular: 
system ef coor:dlnates x and % Is placed at the Centre of the furr:oy. 

FIg_Il) Schematic diagram of a 
homoq~neous soll Lrriqat~d 
by a set of sellll-circular 
furro~s equally spaced at 

distances of 2X. 

- Wot tinlljJ front 

~L-__________________ ~ 

Flq.(2) SchematIc diagram of 
the yettinq front In 
the case of the fu!row. 

A constant loy yater content 81 throuqhout the flow medIum is 
consider:ed as the initIal condItIon: 

, I:: '" O . (3 ) 

. . 
The bDundary ~ondltlons are: 

1- .long the furrow sUlfa~e AE, the Yater content 1s always maintained 
at 5aturatlon Qs : 

'222 a = ~s for x + z = R 
2- There Is no hori~ontal floY 

AB and cn : 

as 
dX 

• 0 for I 
X = G 

JI. '" X 

t~o. (41 
across the vertical lines of symmetr:y 

t t C. [ 5) 

3- There 1~ no vertical floY aCroSs the soll surface ED and the 
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Impervlous barrIer Be: 
os 

- D(9) • k(e) '" 0 

HETHOP QE SOLUTION 

;I: :: 0 
for , t l! O • 

(6 ) 

To obtain an app~oxlmate trial solution, the capillary term 
In equation (1) is neglected so that the resulting equation, 1n 
polar coordinates, becomes 

de 

dt 
1 

r 

d 'Oe 
( r: 0(13) J. ( 7 ) 

Uslnq BoltZmann transformation _ = r t-~, then eguation (7) can 
be reduced to the ordinary differential equation 

de 1 d de 
= I - 0(9) I . ( 8 ) 

2 

Rega~dlng experimental ~esults the general form of D(S) Is found 
to be (51 A2 8 

0(8) Al e I un 

vhere A1 and A2 a~e known constants. 

Substltuting equation (8) tnto equation (9) and neglecting the 
te~~s of less velght, then 

'" 1\2 9 d8 

'" A1 1\2 e ). 

2 d_ 
(10 ) 

The integratIon of this equat10n qives 

1 e ",2 

e 1n { I, ,111 
A2 Al 41\ 1 

vhe~e C ls the Inteqration constant. 
Equation (11) shows that the advance of the wettinq f~ont is 

the same in both d1rectlons due to the drop of the gravity Influence. 
Actually dIfferent advances should occur 1n both directions so that 
the trIal funct~on (11) may be modlfled to have the form 

2 2 
x z 

----2- + ----2- ) 1 , 
ql q2 

( 12 ) 

where the constants Co ,el and c2 and the fUnctlons of time ql and 
q2 are unknovns to be determ1ned. The fUnctions ql and Q2 represent 
the penetratIon depth~ of the vett1ng front 1n the hor1zontal and 
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vertical dLrectlons respectIvely. Flqure (2). 
The t~lal functIon (12) falla to satisfy the boundary condltlon= 

(4) and (61 so that some modIfIcatIons are necessary. Nevertheless a 
varIatIon of the trIal function results in very compl1cate~ Inteqrals. 
Hence,the boundary condItIons should be approxImated to .~It the trIal 
functJon. The boundary condItIons can be approxImated as fol1ovs 

1- e = e s x = z = 0 
1:11 '" g2 '" R 

2- (de/ox) = 0 II '" 0 

3- (dB/d:d = 0 2- .. 0 

x2 
4- e '" 9 v i --2-

q1 

t t 
t '" 
R < 

R S 

2 
::r. 

+ --2-
'12 

0 
o • 

z < 

X .!. 

:: 1 

q2 

g1 

. 

. 
(13 ) 

(1.4} 

(15) 

(16, 

The substItutIon of thQ boundary condItIon (13' In the trIal 
functIon (l2) 'lIves Co = 9 s - Hence the trIal fUnctIon becomes 

2 2 
It 'Z 

e = 8 s + Cl In [ 1 - C z (--2- + --2-) (17) 
ql CJ2 

UsIng the trIal functlon (17), the integral of the rlqht-hand 
sIde of equatIon (2) can be evaluated knowInq that the gen~ral for~ of 
k(8) 1.9 [5] 

k un 

where AJI A4 and AS are knovn constants. 
From the partIal derIvatIve (3e/otl, the temporal complex 

is 
terlJs 

"'I = 

deterl1llned, 

0 
r DUn 

dx 

1 

'11/'11 and "'2 .. <1 2 )<12. 

whIle the spatial complelt 

~e d 08 
J , I 0(8) all[ dz '0:1: 

1 
and lI.2 '" --­

q2
2 

can be obtained 

dk{e) 
and 

OZ 

Using equations (18) and (19) equation (21 beco~es 

(181 

frail! the 

,namely, 

t 19) 

G = 81 qlq2 rJ~12 + 2vlv2 + JV22) + qlq2 (3B2 - B3 + B41 111.12 + K22] 

+ B5 q1q2 k2 - 86qlq2 (wl l3k l + k 2 ) + Y2 (k 1 ~ 3k2 1J 

~ B7 qlCJZ IVl + v2)(kl + 11.2) + as ql (V1 + 2v2) 

+ 2 182-83.84) qlq2 Klk2 - la9 - BIoI 'Ilk} - ( 289 - 810) ql 11.2, 
(10 ) 



M. Ii Y. Z. BOUTROS, H. MANSOUR and I. A. EL-AWAOI 

where : 
1 1 In(1-C 2 ) 11 

2 
81 = - C1 C2 + + 

e2
2 

4 C2 2 (1-C2) 

2 
C1

2 
C2

3 
(A2 _ 1)2 lAZes 

B2 ,. 
lit Al C1 e 

2A2C1- 1 
1 - [l - C2 ) . I 

C2
2 

( 2A 2 C1 - 1)( 2A2C1 - 2)( 2A 2C1 - 3) 

( 1 -C21 
2A2Cl- 2 

(1 - C2 l 
2A2C1-

Cz( lA2Cl - 2)( lA2C1 - l) 2(2A2C1 - 3) 

A 2 C1 2 C If 1 2 

) 
a 

2 

(21 ) 

3 

122 ) 

( 2l) 

(24 ) 

2 2Cl[ A4- AS(29 s + Clln(l - C2a »)1 - 2 
(1 - C2 a 1 da (25) 

(26) 
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HINIHIZAtlQti ILIK R~SiECI 12 lH& TEMPORAL CQnp~X 

M.7 

\21 ) 

HiniTllilZatlon of the conscraint (20) vith respect to the t.emporal 
complex vl and v2 Impllee that 

and 

(ao/a"'l) = Bl ql q2 [ 6vl + 2v2] - BG Ql Q2 13k! + K2 J + 

+ 87 ql q2 {k 1 + k2] + 86 ql = 0 

81 ql QZ t2vl + &v2] - B6 ql q2 Ikl + 3-2 1 + 

+ B7 ql q2 [kl + k21 + 2B8 Ql sO. 

( 31) 

( 32) 

so1.vll'\<j equation!! (31) and (32) for v1 and v2 and aubetltutln(j 
from (18) and (19) Ve have: 
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4B6 - 87 1 B7 q1 Ba ql 
q1 -- - ---- -

2 
a81 <;11 881 q2 16 81 q2 

486 - 87 1 B7 <;12 !l8e DJ) . 
q2 = ----r 

aSl q2 881 ql 1681 

MltlIl:U Zla:tl 211 lllIJi ua~ECl I.O. I.H.i. SPAT I Ax. CQMfl.El 

The mlnimizatLon of constraint ( 20 I \lith re5pect to the spatlal 
complex k1 and k2 'lives 

86/ 48 2 - B3 + 8.) - B2 87 1 86(B) - 84) -B2 B7 ql 
ql = -2-

B6( 2B 6 - B7) ql B6( 28 6 - B7) q2 

1 B6{ 13 9 2B 10 1 .. B7 B9 q1 1 BS{B6 - B7 1 
Q1, 

4 B6 12B 6 - B7) q2 4 B6( 2B 6 - 87) 
(34) 

13(, ( 4B 2 - B) + B41 - B2 B7 1 86 ( 13 1 - B4) - B2 B7 q2 
q2 '" 

86 1286 - B7) q2 B6 (286- B7) ql 

1 B6 ( 58 9 - 2810 1 - 87 89 1 B5 ( 386 - 87) 
1- q2 . 

4 B6 12B6 - 87) 4 86 (2BG - 87) 

The solution of the coupled 5Y5teme of differential equat1ofl6 
(33) or ()4) qlves the value of the penetration depths ql and q2 as 
functIons of tIme. It should be noted that the coefficlents In the 
differentIal equations depend on the values of the constants Cl and 
C2' 

CALCULATION Q£ ~ CONsTANTa 

for sImplIcity the effect of gravlty can be neglected, hence 
equatIon (17) becomes 

2 2 
a '" as + cl In(l - C2 l:c 1<;1 ») , 

whete 2 2 2 
I:: =]1( +'Z. 

The condition to be ~atlsf1ed at the yettlnq front 1s 

- Dla) ( ae/ar) I 
9 "'9 

Y 

Substltut1nq f:com equatton (35), then 

1 . 
Q 

9 y - 91 q 

(35) 

()(, ) 
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Al:;Jo, II the lnfluence of qravlty \s 19noJ:ed, the couple!! systems 
of diffeJ:ential equatIons (JJ) and (34) become J:espectlvely : 

2B6 - 9 7 1 

q ( 37 ) 
4B1 q 

2B2 -. BJ t B4 1 
q (3 e) 

2B6 - 87 q 

CompaJ:iBon of the coefficients of equations (36) and (37) gives 

aD t9.,,) C1 C2 Bi = (EI." - 81)(1 - C2H2B6 - 87) , 

."hiie that of equations (36) and (36) gives 

( )9 ) 

0(9.,,1 Cl C2 (2B6 - B7) - lev - 01)(1 - C2)( 2B 2 - BJ T B 4 ) .(40) 

The substItution of the condItIon (i6) In the tJ:iai function (17) 
yieids 

(41 ) 

The numerl~al 30iution of ~hc t~o non-lined! equations (J9) and 
(4i) gives the numerical vaiues of the constants Cl and C2 in the case 
of minimization of Gauss constJ:aLnt ."lth respect to the temporal part, 
."hile those values could be obtained from the spatial part by solving 
equatlcns (101 and (41\. 

The ."ettlng front moisture content 9." may be taken arbitrarily to 
be 

."here d." Is a constant to be a~sumed. 

NUHERICAL RSSULTS 

The teclmlque just desct'ibed has been applled to an alluvIal 
sandy clay loam aoll. The data used vere taken fro~ Bome experiments 
[5]. The inItial ."ater content 91 and the wat~r 50ntent near the 
saturation 9s were found to be 0.16 and 0.51 c~ /cm respectively. 
The aol1 vater dlffuslvlty D(AI ~nd the capillary conductivily k(8) 
."ere fItted by the folio."ing e~ponentlal expressions: 

o(e) 

k(9) 

-6 
64.B65*10 e~p(23.JB5B e), 

= 64.549*10- 13 e~p(64.8697 9 -

for 91 !I 9 

43.741692 ) 
for 9i.:5 8 

(42 ) 

(4J ) 

The calcuiations are carried out to determine the ."ater content 
dlst~ibution and the location of the vettIng f~ont and thel~ va~latlon 
with the tlme 1n the domain sho."n ln Flqu~e(l)' The geolll&t~lcal 
dImensions a~e X = 55 cm, Z ~ 60 em and R = 5 cm. The constant~." vas 
assumed to be 0.15. 

It should be noted that the alnlmlzatlon of Gauss const~alnt with 
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reepect to the teMporal complcx yleld~ Much better results. Ne~ton 
Soiution of the system of equations (39) and (4i) by using -

Raphson's method [7] gIves the foliovlng results: 

C1 '" 0.0782 C2 .. 0.9777 

substItuting the above vaiues into equations (2i) , (26), (27) 
and (28) and using the Romberg integration method 171 to evaiuate the 
integral on the right-hand side of equation (2S), we have: 

Bi = 0.0915 
D7 " 0.1147 

B6 '" 0.2811 
BS =- -0.001-4 

SubstItutIng the numericai vaiucs of Bl , B6 , B7 and BS In 
equations (l3) and u~lng the Runge-Kutta method [1] of lntegrat10n ve 
get the penetration depths qi and q2. The re~uits are given in 
Tabie (1). 

Tabie (1) VarIation of the penetration depth vith time for the 
irregation by furrows for alluvial sandy clay loam 90il 

Time (mi n) Ql (em) q2 (Clll) 

121 is. 0 i 18. Jl 
305 28.02 2S.72 
562 37.87 39.16 
877 47.29 49.32 

~ INFILTRATION ~ EQUALLY 
9PAC~D BURIED ~ 

The Gauss princlple can aiso be applied to the case of 
infiltratlon from burled pipeB. Figure (3) shows the burled pIpes, 
which divide the regIon Into symmetrical slabs. Each siab is subdiv­
ided into two parts, one of vhich lies above the x axis vhere the 
moisture content distribution 2akes the 20rm 

x z 
9 '" 9 9 • Cl Inl1 - C2 (----2- + ----2-)) (44) 

ql q3 

and the other part lies beiow the x axis in which 

2 
x 

2 
Ql 

+ 

2 z 
) ] , (45 ) 

vhere q3(tJ , Q1(tJ and q2(t) are the penetration depths in the 
direction of negative z axis, positive x axis and positive z axis 
respectiveiy. 
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T 
7J. 

t-+--
wee 111'111 f ro/'l t 

l'l<;.(3) S~he~atic dlagra~ of a 
homogeneous solI irrigated 
by a 5et of eir~ular buried 
pipes equally spaced at 

dietanc:eli or 2X. 

'l'he bounO.sIY comHt1ons Ln 

1 - B '" 9 9 l( = 1. = 

ae ql =q2 

2 - Q ')( = Q 

ax 
as 

3 - " 0 z ... 0 
(lz 

thls 

0 . , 

q:J 

£'aSE 

R 

Fig,(f) SchematIC dlaqram of 
the v~ttlnq front in 

the c~~e of burled pipes. 

;u:e: 

t ~ 0 

t ::: O. 
- q3 < z < -R 

R < z < q2 

R < x < ql . 

~ - e... Bv along the vettIng front. 

The ana~ygls ig analoqous to that of the furrov cae~ whIch leode 
to tvo system9 of differentIal equattons. The flrst system resulting 
from the mlnlm1zation of the fUnctional G vltn reupect to the tempoIal 
complex Q)/Q3, ql/ql and q2/q2 ha3 the for.: 

ql .. 

486 - 8, 1 

891 q3 

496 - 8, 

Ql 

1 

ql 
--2-

q3 

q2 
--2-

IH 

+ 

+ , (46 ) 



M. 12 

..,h lIe 
func~ lanaI 
1/Q2 ls: 

B6 
q] 

1 

Y. 2. ~OU TR05, H. MANSOU Rand l. A. [L-A \II ADI 

the second syatem ~esultlng f~o~ the mlnl~l,atlon o~ 
G vlth respect to the spatlal complex l/Q) , l/Ql 

(~B2 - B) .,.B 4 ) - B2 B7 1 86{S) - B4) - Bi 81 q) 

B6( 286 - 81) q) B6( 28 6 87) 
--r - Ql 

B6{ 58 9 - 28 10) - 87 89 1 85( J8 6 - 87) 
+ -- t -- q), 

4 86 (2B6 - B7) 4 86{ 2B 6 - B7) 

86( 4B 2 - B) .,. 84) - B2 B7 1 B6{B) - a,,) - 82 87 ql 

the 
and 

ql 
B6{ 2B 2 B]l 

--2 (47) 
86( 2B 6 - B7) q J I - Ql 

1 86(B9 - 28 10) + B7 89 ql 1 BS(B6 - B7) I 
+ -- q 1, 

4 Bfi( 28 6 B7) q) ~ B6{ 2B 6 - 81) 

8S H8 2 - 8) + B4) - i3 2 B 7 1 B6(8) - 8 4 ) - B2 B7 
q2 -- -

B6(2B& - B7) q2 86(28& - 81 ) 

1 8&( 5B9 - 28 10) - 87 B9 1 B5()86 - B7) 
-t 

4 86( 28 6 - 87) 4 B6( 28 6 - B7 J 

The values of 81 to B10 in the last tvo systems are the sa~e 
as stated before In equatlons (21) to ()O). 

The calculations vere carrl€d out fo~ the same soll con31dered 
in the furrov Case . So the constants Cl ' C2 and Bl to 810 have th€ 
~"me nurner 1eal value~ as be fore. The flo .... r.tedlum 8110\fn In F 19'He (3) 
h~3 the follo~lnq ~eomet~lcul dl~en910ns: 

'Z 1 ,. 40 CITI , X '" 4 5 CITI , Z a 50 cm , R '" 5 Cljj. 

The nu~erlcal solution of the syste~ of equations (46) uplnq 
Runge-Kl.lttil method glve~ the penetration depth~ ql' q2 and q). The 
resul ts are sho .... n in Table r 2) • 

Table (2) Varldtlon of the penetratlon depth .... ith time for the 
irrlQ.tten by butied pips. ter alluvIal ~andy clay lo~m 5011 

i Time (min) \ q)(c!tl) I Ql(cl!I) Q2 (crn) I r-- 113 I 17.39 - II 17.67 la.1S i 
,]03 I 26.73 27.41 20.59 i 
~~: _____ .J __ 3_5_._8_6_------'-1 __ 3 7 . 1_D __ l--__ 3_9_._3_0 ~ 
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RESULTS AHn ~SSIONS 

The water content dlstrlbutlon after 611 mtnutes of infiltration 
by a fu~cov L~ designated b~ t~e iso-water content lines of 0.48, 

0.45, 0.40, O.lO and 0.11 C~ Icm ,Figure (5). 
Flqure (6) shows the vater content distribution after 567 minutes 

of infiltration fro~ a burled pipe. The \so-vat!r c~ntent lines are 
for values of 0.49, 0.45, 0.40, 0.30 and 0.21 cm /cm . 

It is clear tram Figures (5) and (61 that the vater content ln 
the flow medium changes with time and space in both dlrections. The 
wetting front ( llne~ of e ~ 0.21 ) advances outw~rdR of the y~t~r 
source at ~ d~cIeaslng rate. The llneg of equal water content clo6e to 
the water source are wide apart co~pared with those close to the 
vetting front. The closeness of the equal wate~ content lines 
indicates a steep gradlent of a. Klute (11 8ho~ed that the steep 
water content gradlent at the wettIng front ls due to the stxonq 
dependence of keel and hence Ola) on the ~ater content l Equation6 (42) 
and (43). 

It 1s also noticed that for all considered tlmes, the vert1cal 
penetration of ~ater below the ~ater source exceeds that in the hor~z­
ontal di~ection for both cases of furrows and burled pipes. ~n the 
other hand in the case of buried ~ipes the penetratIon In the horizo­
ntal direction ~xceeds that in the vertical direction abov~ the wat~~ 
source. This is due to the gravitatlonai term Ok/dz in the flo~ 
Equation {iI, (1). 

Quantltatlve comparison between the results obtalned by the Gauss 
technique and the ~Di ~~thod {5\ ts discu5~ed In vlev Ot the water 
content distrlbution in the x and z directions and the location of the 
vetting front. Figure (1) shovs the vater content dlstrlbution ~lonq x 
and 2 axes for the case cf Irrigatlon by open furrows while FigUre (a) 
shO'JS thll .. ater cOI)tent (HstJ:Lbution alol\g negative 'Z , " and poslti',le 
z axes tor the case of irriqation by buried pipez. The water concent 
discribution ~as plotted as a function of the distance at tvo 
different time periods corresponding to tvo different infiltration 
depth3 fot every slnqie GP~C~ caotdLnate, t.e. ~hen the vettlnq front 
reaches a depth of 30 and 50 cm. below the centre of the furrow or 20 
and 40 em. below the centre of the p~pe alDng the eent~al ve~ttcal 
plane. 

The location of the welting front could serve as an index for 
comparlnq the calculated results usIng different methods. Figure (91 
9how~ a comparison between the location of the computed vetting front 
Using the AD! method and the Gauss technique a~ a fUnctIon of time ynd 
space cooxuinates tor the case of lrriqaticn by open fUIrows. The same 
comparison for the case of iI::rigation by burled pipe::; is shown in 
Figure 110). 

CONClUSION 

A comparlson of water content dlstrlbutlon obtained b~ the ADI 
method and the Ga~S5 technique 1s made Eor dlfferent perlods of tlme 
along the horiZontal and central vertlcal axes. The overall shape of 
the moisture dlstrlbutlon curv~s obtalned ~y the Gauss technlque and 
their dependence upon the jnfiltration tl.e are In good aqreement wlth 
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that computed u~lng the ADI method. The most re.ar~able feature of the 
Gauss technique 15 that the computaion tLme 1s reduced to about 1/900 
of the time requr1ed to get the same results uslng the ADI method. 
Thus the Gauss technique 15 hlghly recc •• ended whenever a trlal 
functlo~ 1s avallable. 
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