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Abstract
In this paper, continued fraction expansion of the normal distribution
function is developed. An efficient and simple computational algorithm
based on this expansion is also developed using top-down evaluation
procedure. Numerical results of the algorithm are in ﬁﬂl greement at least to

fifteen digits accuracy with that of standard tables.
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1. Introduction

Probability theory plays very serious role in many problems of space
dynamics. Of these problems are for examples, orbit determination of space
objects [e.g. Vallado, 1997] and space navigation problems [Battin, 1999].

One important integral of common appearance in the above and other

applications is the normal distribution function P(x) defined as

x 1_12 )
! fe 2 gy, x> 0. (1.1
T’

oz 2,

P(x) =

There are several methods available for the evaluation of this integral, all
depending on polynomial evaluations with different degrees of accuracy
[e.g. Hastings, 1935 and Abramowitz, 1970].

In fact, continued fraction expansions are, generally, far more eﬁ?c‘z’eni tools
Jor evaluating the classical functions than the more familiar infinite power
series. Their convergence is typically faster and more extensive than the
series.

Due to the above importance of P(x), and on the other hand, due to the
efficiency of continued fraction for evaluating functions are what motivated
our work : to establish computational algorithm for the function P(x)

based on its continued fraction expansion.

312



Continued Fraction Evaluation of ...

2. Basic Formulations

2.1. P(x)IN TERMS OF CONFLUENT HYPERGEOMETRIC FUNCTIONS

Recalling Equation (1.1) we have

P(x) = j'e i du, x>0,
\/_.
since x >0, then
=0 x ~-1-u’
Px)= e 2 du— e? du—+ el du,
\/——_ ‘[ N2m ;‘,- 2z '!.
or
Px)=1-—+ L j.e_%u du =—1-—f- ! je_%uzdu (2.1)
2 N2ry 2 Yoy ' '
Since

o 2
we obtain from Equation (2.1) that
7 2 J
:
= Ls -2).
2 ,_/ ?ﬁ?ﬂ@ﬂ)& 2
This equation could be written as

e @B Gy
P@x) =7 Jﬂ;&},{@j@} m(zjz-q}(z];l)("?j
) 02), [ 2Y
x- Z S A ‘
P =5+ =2 @L 2] (22).
where

(), =n(+ D +2)..(7+ 7 =1 5, =1.
From Equation (2.2) it follows that

1 x4 1310 |
P(x)—2+ﬁ;M(2 >y J . (23)

where M{f,y;z) 1s called a confluent hypergeometric function defined in terms of the
hypergeometric function F(a,f,y;x) as
M(B,y;z)=lm, Fla,pB,7:z/a), 2.4
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that is

M(ppi =3 T @.5)

According to Kummer transformation {e.g. Abramowitz, 1970], which is
M(ﬁ,}’,Z) = e:MO’ —ﬁ,}’,_z),
then Equation (2.3) could be written as
1oz i3 e
P(x)—2+£e M(,z, zac ) 2.6)
2.2. CONTINUED FRACTION EXPANSION OF P(x)

The confluent hypergeometric functions satisfy the identities [Erdelyi, 1953];

MB+1y +10)-M(B,7:x) = LP_ar(B+ Ly +2,3), @7
y(r+1

T MLy +2x)-M(f+Ly+Lx)= —{?i—’%—%i)-xM(ﬂ +2,y +3;x). (2.8)

Consider the following sequence of confluent hypergeometric functions defined for

n=0,1,2,...

M, =M(f+ny+2nmx), (2.9)

M, =M(B+n+Ly+2n+Lx) . (2.10)
From identities (2.7) and (2.8) we have

Moypg =My =630 XM 5,00, @I

M, M, =08, xM,, (2.12)

where the odd-and even-labelled &°s are determined from

Fara = r+ f;,n;(f : ;Zn +1) 7 @2.13)
= (y + 271};'(;-’:211 +1) @.14)
Divide Equation (2.11) by M,, and divide Equation (2.12) by M,_, and define
Gy = —AA/I/;—Z‘ , (2.15)
Gy = AAZ 21 , (2.16)

then we get
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GZn -1 =52H+IXGZn+1GZn >

Gy —1=06,,xG,,G,

n-1

or
1
XG ’

1- 52n+ 2n+1

GZn =
1
G =] :_—-—_.__'
1 1-6,,xG,,
If we put successively n=0, n=1, etc., we derive a continued fraction expansion for

Gy =M, /M, . Thus

M(ﬂ+1,*/+l;x): 1 ) @17)
M@B.rix) o,x ‘ '
- 5%
o
1-8,,xG,,

and letting n become infinite results in an infinite continued fraction.

Now, since M(0,y;x)=1,then the continued fraction of Equation (2.17) represents the
function M (¥ +1;x). Therefore, if we replace y by y ~1, we get
: ‘
bix
11— __'BL\__
- B

MLy, x)=
1—

(2.18)

where

B, = y+n-2 By = ~-n .
+2n-D)y+2m)" " (r+2n-0)(y +2n-2)

Finally, from Equations (2.18), (2.19) and (2.6), we get for P (x) the required continued

(2.19)

fraction expansion as

1 e x
P(x)==—+ e? . 2.20
O T e 229
‘ . 2,x?
>+
3x?
- 2
7+ 4x.
9-"-,
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3.Computational Developments

3.1. TOP-DOWN CONTINUED FRACTION EVALUATION

There are several methods .available for the evaluation of continued fraction.
Traditionally, the fraction was either computed from the bottom up, or the numerator and
denominator of the n’th convergent were accumulated separately with three-term
recurrence formulae. The drawback to the first method, obviously, has to decide far down
the fraction to begin in order to ensure convergence. The drawback to the second method
is that the numerator and denominator rapidly overflow numerically even though their
ratio tends to a well defined limit. Thus, it is clear that an algorithm, which works from
top down while avoiding numerical difficulties, would be ideal from a prog;amming
sféndpoint.

Gautschi [1967] proposed very concise algorithm to evaluate continued fraction from the

top down and may be summarized as follows. If the continued fraction is given as -

then initialize the following parameters

a =1,
b =n/d,,
o =nld,

and iterate (k=1,2,...) according to
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1

Ay = _'_—n_— »
1+ [—_AL}GL
dkdhl

by = [ak+1 "l]b;.-»
Con=C+b, .
Inv the limit, the ¢ sequence converges to the value of the continued fraction.
3.2. COMPUTATIONAL ALGORITHM
e Purpese : To compute the value of the normal distribution function P(x)fora
given value of x >0, using continued fraction expansion of Equation (2.20).
e Input : x,&: Tolerance specifies the upper bound of‘the absolute value of b [in

Gautschi’s algorithm of Subsection 3.1] and below which the calculations are

terminated, N: The maximum number of the recurrent calculations.
¢ Output : P(x), IER: Resultant error parameter coded as follows

* [ER=0,means that, the convergence in computing c is achieved in a number of

cycles < N within accuracy specified by &

* [ER=1 means that, no convergence after N cycles is achieved within the
accuracy specified by ¢.

. _Computational sequence
1-Set IER=0

2-Set n=x,a=Lb=nd =lc=n
3-If p|<e goto step 6

4-For i=2,3,...,N, do:
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o n=(-D)T*3E-D*x’
. d2 =2%i-1

1

n
1+ a
(dx *dz]

b=(a-1)*b

e q=

c=c+b

If b|<& gotostep 6

[ ] d1:d2

1- IER =1

2- P(x):%+ ; e *c
2 T

3- End
3.3. NUMERICAL RESULTS
The above computational algorithm was applied to construct Table I for
P(x),x =0.02(0.02)5 up to fifteen digits accuracy. Within this accuracy, the present
resﬁlts agree completely with those given in [ Abramowitz, 1970].

In concluding the present paper, an efficient and simple computational algorithm
for the normal distribution functi.on P(x),x = 0 was established using c_oz;tinued fraction
expansion. Comparisons with the standard tables show that, the results of the algorithm

are in full agreement at least to fifteen digits accuracy.
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Using Continued Fraction Evaluation
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TABLE I {(Continued)

0.58 0.71226 02811 50973 1.56 0.92062 00594 05207 2.56 0.99476 63918 36445

.58 0.71904 26211 01436 1.58 0.94294 65667 62246 2.58 0.99505 99842 4223
3,50 G.72574 68822 49926 1.50 0.94520 079&3 00442 2.60 0.99533 88119 76281
J.62 0.73237 11065 31017 1.62 0.54738 38615 45748 2.62 0.99560 35116 S1879
0.84 . 0.73891 37003 07139 1.64 0.94949 74165 25897 2.64 0.99585 46986 38965
0.66 0.74537 30853 28664 1.66 0.95154 27737 33277 2.66 0.99609 29674 25147
.63 0.75174 776935 4643 .88 0.¥3352 13421 3628 2.68 0.99631 88919 90826
2.50 0.75803 63477 TE2Z7 pa] 3 2.70 0.99653 302;51 96932
9.72 0.76423 75022 20742, LIz J3.35728 37.']92 08e72 z.72 0.99673 59041 841l
3.74 0.77035 00028 35209 .74 0.%5907 04910 1194 2.74 0.99692 80407 81348
375 0.77637 27C75 62401 .70 M 2.6 0.¢9710 $9319 23774
378 0.78220 4S¢i4 14167 173 3 2.78 0.%¢728 20550 772¢8¢
.30 0.78614 46014 16603 1.8C J3.356406 268508 87074 z.80 0.35744 48596 69572
').SAI 0.7938% 15464 14187 L.82 0.93562 J4¢7% 54.11 2.82 0.93759 88175 25812
7.84 0,79954 58067 39¢SE .84 2.38711 53813 40838 2.84 0

3.38 0.80510 54787 48192 1.8z 3 3olgl4T .85 0

J3.38 0.31057 03452 23288 %.88 2.53294 5¢610 388 2.88 o

.30 0.91593 98746 53241 .90 9.67128 34451 33998 .90 0

3,32 0.32121 36203 85628 .92 0.%7287 LOSCL 95183 .92 0.99824 98430 71323
o.%4 0.80839 1I196 S137% 1094 ¢ s.%4 0.99835 89387 65842
10.96 0.83147 23925 33182 1.%6 0.97500 21048 5178 2.96 0.99846 18047 88264
0.%8 0.83645 69406 72308 1.98 0.67614 82386 58491 2.98 0.998S5 87580 82659

.00 0.84134 47460 68543 2.00 0.27724 98630 31821 3.00 0.99865 01019 6837
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TABLE I (Continued)
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TABLE I {Continued)
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